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Chapter 8

The Boltzmann Equation
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8.2 Equilibrium, Nonequilibrium and Local Equilibrium

Classical equilibrium statistical mechanics is described by the full N-body distribution,

1 [zy'e P (tpidd=d) OCE
ON (@1 NP B) = X {5-1 AN 6 (P 1)) GCR ®D
We assume a Hamiltonian of the form
N p2 N
Hy = Ea , —x). 8.2
N ; om + g v(wz) + ;u(wz w]) ( )

Here v(x) = Uy (x) is due to external forces. In the context of transport theory, v(x) typically will
denote the effect of an applied external field, e.g. v(x) = —¢FE - x for a particle of charge ¢ in the presence
of a uniform electric field E. We write x; and p, for the corresponding phase space variables, the position

and momentum vectors for the i*? particle, respectively. The quantity
N
on(xy,. . Ty, Py, -5 DY) Hdﬂj , (8.3)
j=1

with dp; = d y ddpj /h?, is the probability, under equilibrium conditions, of finding N particles in the
system, with particle #1 lying within d%;, of x; and having momentum within d%; of p,, etc. The tem-

perature 7' and chemical potential p are constants, independent of position. Note that o, ({z;}, {p;}) is
dimensionless.

Nonequilibrium statistical mechanics seeks to describe thermodynamic systems which are out of equi-
librium, meaning that the distribution function is not given by the Boltzmann distribution above. Rather,
it is a time-dependent quantity, o,. In a general nonequilibrium setting, it is hopeless to make progress
- we’d have to integrate the equations of motion for all the constituent particles. However, typically we
are concerned with situations where external forces or constraints are imposed over some macroscopic
scale. Examples would include the imposition of a voltage drop across a metal, or a temperature differ-
ential across any thermodynamic sample. In such cases, scattering at microscopic length and time scales
described by the mean free path ¢ and the collision time T work to establish local equilibrium throughout
the system. A local equilibrium is a state described by a space and time varying temperature 7'(r,t),
chemical potential (r,t), and flow velocity V' (r,t). As we will see, the Boltzmann distribution with
spatiotemporally varying 7', 11, and V will in general not be a solution to the evolution equation gov-
erning the distribution function. Rather, the distribution for systems slightly out of equilibrium will be
of the form f = f9 + §f, where f° describes a state of local equilibrium.

We will mainly be interested in the one-body distribution

N
Fpit) = (d(x—m;(1) 6(p — pi(1) )
=1 (8.4)

N
:Nh_d/Hd:uz QN(X7m2>"'>mN;p>p27"'7pN7t)
=2
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Note that f(x, p,t) has dimensions of h~%, and f(x, p,t) d% d% is the average number of particles found
within d% of x and d% of p at time ¢. The full k-particle distributions, are given by

Fellx Apd ) = 30 (000 — a5, () - 6(xs — 5, (8) 6(py — 2y, (1) - 6(pg — 2y, (1))

(o}
Ntpkd L
= m/ H du,; QN(Xl,...,Xk,:B,H_l,...,:BN;pl,...,pk,pk+1,...,pN, t) ,
i=k+1
(8.5)
where {x,} as an argument of the k-particle distribution f;, denotes the ordered set {x;,...,x;}, where

k €{1,...,N} (similarly for {p;}). The prime on the sum over the indices {3, ..., j; } indicates that no
two indices take the same value. Note that the normalization of f, is

i !
/Hddxi d'p f({x;}:{p; 1, 1) = ﬁ ) (8.6)

for all . We write the one-body distribution f,(x,,p;,t) = f(x,p,t), where x = x;, and p = p;.
Henceforth we will drop the distinction between boldface Roman symbols {x,p} and boldface math
italic {«, p}, as it will no longer be needed.

In the GCE, we sum over different particle numbers N. Assuming v = 0 so that there is no one-body
potential to break translational symmetry, the equilibrium distribution is time-independent and space-
independent:

For,p) = n (2rmk,T)~4? eP*/2mkpT _ p=d , o=p*/2mkpT (8.7)

where n = N/V or n = n(T, ) is the particle density in the OCE or GCE, with z = exp(u/k;T) = n\%
the fugacity for ideal classical point particles. From the one-body distribution we can compute things
like the particle current density j and the energy current density j.:

it = [ab forpe) 2 ©8)
gty = [d frpit) sp) 2 9)

where £(p) = p?/2m. Both quantities vanish in equilibrium, when f = f?, since f°(r, p) depends only
on p? and not on the direction of p. In a steady state nonequilibrium situation, the above quantities are
time-independent.

Thermodynamics says that
TdS =dE+pdV — pdN (8.10)

which may be cast as one among the corresponding current densities. Suppressing the explicit r and ¢
dependence,

where j, is the entropy current density. Some authors define the conductive heat current density j, (some-
times written as q) as j, = j. — hj, where h is the enthalpy per particle. Since h = p +T's, where s is the
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entropy per particle, we have the relation j, = T'j; — T's j. To make matters even more confusing, some
sources (particularly in condensed matter physics) define a “thermodynamic heat current density” as
Jtn =J. — 13 = Tj,. When there is no particle current and j = 0, we have j. = j, = jy, = TJ.

When the individual particles are not point particles, they possess angular momentum as well as linear
momentum. Following Lifshitz and Pitaevskii, we abbreviate I" = (p, L) for these two variables for the
case of diatomic molecules, and I" = (p, L, n - L) in the case of symmetric top molecules, where 7 is the
symmetry axis of the top. We then have, in d = 3 dimensions,

d%p point particles
dl' = { d* LdLdQ i diatomic molecules (8.12)
dp L? dL d ; dcosy  symmetric tops

where ¢ = cos™'(n - L). We will call the set I' the ‘kinematic variables’. The instantaneous number
density at r is then

n(r,t) = /dF f(r,I5t) . (8.13)

One might ask why we do not also keep track of the angular orientation of the individual molecules.
There are two reasons. First, the rotations of the molecules are generally extremely rapid, so we are
justified in averaging over these motions. Second, the orientation of, say, a rotor does not enter into
its energy. While the same can be said of the spatial position in the absence of external fields, (i) in
the presence of external fields one must keep track of the position coordinate r since there is physical
transport of particles from one region of space to another, and (ii) the collision process, which as we
shall see enters the dynamics of the distribution function, takes place in real space.

8.3 Boltzmann Transport Theory

8.3.1 Derivation of the Boltzmann equation

For simplicity of presentation, we assume point particles in three space dimensions. Recall that

# of particles with positions within d% of (8.14)
r and momenta within d% of p at time ¢. '

f(r,p,t)d* dp = {

Thus, the units of f(r,p,t) are those of inverse action cubed, i.e. (ML?/T)~3. We now ask how the
distribution function f(r, p, t) evolves in time. It is clear that in the absence of collisions, the distribution
function must satisfy the continuity equation,

of

a—i—v-(uf):o . (8.15)

This is just the condition of number conservation for particles. Take care to note that V and w are
six-dimensional phase space vectors:
u:(j} v Y 2, Da >py >pz)
_<888 o 0 8) (8.16)



8.3. BOLTZMANN TRANSPORT THEORY 5

The continuity equation describes a distribution in which each constituent particle evolves according to
a prescribed dynamics, which for a mechanical system is specified by

dr OH dp OH
&L L L _F 17
where F' is an external applied force. Here,
H(p,r) = £(p) + U(r) . (8.18)

For example, under the influence of gravity, U(r) = mg - r and F = —VU = —mg.

Note that as a consequence of the dynamics, we have V-u = 0, i.e. phase space flow is incompressible'.
Thus, in the absence of collisions, we have

of
ot

The differential operator D; = 0, + u -V is sometimes called the ‘convective derivative’, because D, f is
the time derivative of f in a comoving frame of reference. To see this, evaluate the time derivative of the
time-dependent distribution f(r, p,t) along a particle trajectory, i.e. substituting » — r(¢) and p = p(t).
We have

tu-Vf=0 . (8.19)

of dr 8f dp

d
—f(r@),p(t),t) = =~ — + =
dt ar dt {r(t),p(t),t} 8p dt

Lo

rpw.g O

_ Dby

= 5 . (8.20)

{r(®),p(t).t} {r®).p(t).t}

Next we must consider the effect of collisions, which are not accounted for by the semiclassical dynam-
ics. In a collision process, a particle with momentum p and one with momentum p can instantaneously
convert into a pair with momenta p’ and p’, provided total momentum is conserved: p + p = p’ + p’.
This means that D, f # 0. Rather, we should write

Dy _of 8f af df
Dt r + <£>coll

Dt~ Ot or " op 8:21)

where the right side is known as the collision integral. The collision integral is in general a function of r,
p, and t and a functional of the distribution f. Thus, in the absence of collisions, the convective derivative of
the distribution f(r,p,t) vanishes, meaning that the one-body distribution does not vary in time along a particle
trajectory.

We can write the Boltzmann equation as

of  (df\ _ (df
at " < > str a <E>coll ’ (822)
where
ay _. of of
<%>5tr = 8’)" +p ap (823)

is known as the streaming term. Thus, there are two contributions to df/0t: streaming and collisions.

'This remains true even if £(p, r) is a function of both momentum and position.
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8.3.2 Collisionless Boltzmann equation

In the absence of collisions, the Boltzmann equation is given by
of 0= 0f o 0f _
ot  op Or op

In order to gain some intuition about how the streaming term affects the evolution of the distribution

f(r,p,t), consider a case where F' = 0. We then have

of of
gn +v(p) - = 0 . (8.25)

0 . (8.24)

Clearly, then, any function of the form

f(r,p,t) =¢(r—v(p)t, p) (8.26)

will be a solution to the collisionless Boltzmann equation, where v(p) = 9¢/dp. One possible solution
would be the Boltzmann distribution,

f(r,p,t) = CetFsTee@)/ksT (8.27)
which is time-independent®. Here, C is a constant with units of (7/M L?)?. For a ballistic dispersion,
e(p) = p?/2m and C = h~3, in which case [d¥ d%p f(r,p) = VA exp(u/k,T) = (N).

For a slightly less trivial example, let the initial distribution be (7, p) = C'e~"*/20%¢~P*/25* 50 that
flrp,t) = Ce =m0 o=/22 (8.28)
Consider the one-dimensional version, and rescale position, momentum, and time so that
flx,p,t)=C e~ @ PD*/2 =p/2 (8.29)

Now consider the level sets of f, where f(z,p,t) = C e=/2 The equation for these sets is

T=pt+a?-p* . (8.30)
For fixed ¢, these level sets describe the loci in phase space of equal probability densities, with the
probability density decreasing exponentially in the parameter a®. For = 0, the initial distribution
describes a Gaussian cloud of particles with a Gaussian momentum distribution. As ¢ increases, the
distribution widens in Z but not in p — each particle moves with a constant momentum, so the set of
momentum values never changes. However, the level sets in the (Z, p) plane become elliptical, with a
semimajor axis oriented at an angle § = 1 tan~!(2/#) with respect to the z axis. For f > 0, the particles
at the outer edges of the cloud are more likely to be moving away from the center. See fig. 8.1.

Suppose we add in a constant external force F'. Then it is easy to show (and left as an exercise to the
reader to prove) that any function of the form

Ft?

f(r,p,t)=<p<r—%t+%,p—Ft> (8.31)

satisfies the collisionless Boltzmann equation (ballistic dispersion assumed).

Indeed, any arbitrary function of p alone would be a solution. Ultimately, we require some energy exchanging
processes, such as collisions, in order for any initial nonequilibrium distribution to converge to the Boltzmann
distribution.
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Figure 8.1: Level sets for a sample f(z,p,f) = C e @PD*/2¢=7°/2 for values f = C'e~**/2 with a in
equally spaced intervals from o = 0.2 (red) to & = 1.2 (blue). The time variable ¢ is taken to be ¢ = 0.0
(upper left), 0.2 (upper right), 0.8 (lower right), and 1.3 (lower left).

8.3.3 Scattering processes

What sort of processes contribute to the collision integral? There are two broad classes to consider. The
first involves potential scattering, where a particle in state |I") scatters, in the presence of an external
potential, to a state |I). Recall that I" is an abbreviation for the set of kinematic variables, e.g. I"' = (p, L)
in the case of a diatomic molecule. For point particles, I" = (p,, Pysp,) and dI' = d3p.

Single particle scattering

We now define the function w (I | I') such that

w(I"|T') f(r,I';t)dI’ dI" = rate per unit volume to scatter {| "+ dI")} — {|I" +dI")} (8.32)
at time ¢. Here we have suppressed the time dependence in the distribution f (I, t), and typically we will
presume w(I”|I") to be independent of both r and ¢. By {|I" + dI")} we mean states with momenta
within @ of p (more generally, within dI" = d*p d3L of (p, L)) and at the same position coordinate .
We assume the rate is independent of the position r and the time ¢. The units of w dI” are therefore 1/T.
The differential scattering cross section for single particle scattering is then

w(I"|T)

g =
ng ]

ar' (8.33)
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where v = p/m is the particle’s velocity and ng the number density of scatterers.

In computing the collision integral for the state |r, "), we must take care to sum over contributions
from transitions out of this state, i.e. [I') — |I""), which reduce f(r,I"), and transitions into this state, i.e.
|I'") — |I'), which increase f(r,I"). Thus, for one-body scattering, we have

d
%f(r,F;t) _ /dF’ {w(D | 1) f(r, I's0) — (I’ | 1) fr. Ti0)} = (d—"»co“ L 834

Mathematically, in the case of point particles, where I" = p, this is a linear, first-order integro-differential
equation in seven variables {z,y,z,p,,p,,p,,t}. It can be expressed as d,f = L f, where L is a linear
integro-differential operator. With initial conditions f(r, p,t = 0) this can in principle be integrated for-
ward in time, and in the autonomous case where all the rates and external forces are time-independent,

we have f(t) = exp(Lt) f(0).

Two particle scattering

The second class is that of two-particle scattering processes, i.e. |{r, '}, {r, I }) — |{r, "}, {r,I]}).
We define the scattering function w(I”, I | I', I') by

rate per unit volume to scatter two particles
{|/l+dr, Iy +dly )} — {| " +dI", I'{ +dI})}

(8.35)
at time ¢. We assume that w (I, I’ | I, 1) is independent of r and ¢. Thus the units of wdI"dI’ are
L%/T, and the differential scattering cross section is

w(IV, | I, 1)
v — U1|

w(I', 1| I, 1Y) fo(r, Tyr, Iy t) dI dIy dIY dI = {

do =

ar'dr] . (8.36)

For two-body scattering, we therefore have

D
Ef(r,F; t) = /dFl/dF’/dF{ {w(r,rl\r’,r{) folr, s IY:5t)
(8.37)

d
_w(F,>F{|F>F1) f2(r>F;r>F1;t)} = <d_];> .

Unlike the one-body scattering case, the kinetic equation for two-body scattering does not close, since
the LHS involves the one-body distribution f = f; and the RHS involves the two-body distribution f, .
One can then write an equation for f, which also does not close — it involves f; —and so on. The result
is known as the BBGKY hierarchy, and is discussed in some detail in the appendix §8.10.

In practice, an approximation is made in order to close the equations. The simplest and most common
such approximation, known as the Stosszahlansatz, or molecular chaos assumption, is due to Boltzmann
himself. We replace the two-body distribution by a product of one-body distributions, viz.?

folr, Ty Iyst) = f(r, Ist) f(ry, [5t) (8.38)

3As discussed in the appendix §8.10, factorization is imposed on the incoming two-particle distribution imme-
diately prior to a collision. Outgoing particles generally acquire correlations.
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I’ I I

I r I

Figure 8.2: Left: single particle scattering process [I') — |I"). Right: two-particle scattering process
11 1) = |17 1),

We then have

D
Ef(r,F;t) = /dFl/dF’/dF{ {w(F, L |, o) f(r, I'st) f(r, I7; t) .

—u(r | ) s sk = ()

Now we have a closed but nonlinear first-order integro-PDE. The nonlinearity adds a new wrinkle, and
as we shall see below a further approximation involves linearizing the collision integral.

We stress that in both cases (i.e. single-particle and two-particle scattering) we assume that all scattering
occurs locally, i.e. the particles attain their asymptotic kinematic states on distance scales small compared
to the mean free path. In this case we can treat each scattering process independently. This assumption
is particular to rarefied systems, i.e. gases, and is not appropriate for dense liquids. The two types of
scattering processes are depicted in fig. 8.2.

Nota bene: All w(I"|I") and all w(I"”, I | I',I'}) are non-negative!

8.3.4 Collisional invariants

Consider a function A(r, p) of position and momentum. Its average value at time ¢ is

<mm=/ﬂﬁmmmﬂmu>. (8.40)

Taking the time derivative,

) :/d?’r/d?’pA(r,p)g
/d3 /d3pAr p) { 8(?1“ ('f)—a3 (pf)+ <Z_J;>w“} (8.41)

= Jo [ Gy e () )
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Hence, if A is preserved by the dynamics between collisions, then*

dA(r(t),p(t)) 0A dr 0A dp _
dt “or @t ' op dt 0 (842)

We therefore have that the rate of change of (A(t)) is determined wholly by the collision integral

dAW) _ [ [ df
T /d r/dpA('r,p) o L (8.43)
Conservation of A by the collisions themselves means
A(p) + Alp1) = A(P) + A(PY) (8.44)

for the process (p,p,;) — (p',p)). A collisional invariant is a one-particle function whose sum over the
colliding particles is unchanged by every allowed collision. Examples of collisional invariants include
the particle number (A = 1), the components of the total momentum (A4 = p,,) (in the absence of broken
translational invariance, due e.g. to the presence of walls), and the total energy (A = ¢(p)).

8.3.5 Detailed balance

Classical mechanics places some restrictions on the form of the kernel w(I', I | I”,I7). In particular,
if the microscopic dynamics are time-reversal symmetric and I'” = (—p, —L) denotes the kinematic
variables under time reversal (7), then

w(I', | 1) =w(I7, 17 |07, 17) . (8.45)
This is because the time reverse of the process |I',I'y) — |, I7)is [["7, 177y — |7, I ).

We first consider equilibrium in the rest frame, where the equilibrium distribution is invariant under
time reversal. Then in equilibrium we must have

w(I', I | L0y f0) ) d'r = w7, I7 | 17,07 £ 07 d'r™ (8.46)

where
d'I' =drdr,dr'dr , dT" =dr7dry ar'’4dry” . (8.47)

Since dI" = dI'" etc., we may cancel the differentials above, and after invoking eqn. 8.45 and suppressing
the common 7 label, we find

£ ) = £ £ (8.48)

This is the condition of detailed balance. For the Boltzmann distribution, we have fO(I') = Ae~*/*sT,

where A is a constant and where ¢ = ¢(I") is the kinetic energy, e.g. €(I") = p?/2m in the case of point

particles. Note that ¢(I"7) = ¢(I"). Detailed balance is satisfied because the kinematics of the collision
requires energy conservation:

et+e =¢+¢e) . (8.49)

*Recall from classical mechanics the definition of the Poisson bracket, {A, B} = 0, A - 0,B — 8, B - 0,A. Then
from Hamilton’s equations » = 0H/0p and p = —0H/0r, where H(p, r,t) is the Hamiltonian, and thus we have
dA/dt = {A, H}. Invariants have zero Poisson bracket with the Hamiltonian.
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Since momentum is also kinematically conserved, i.e.

p+p =p +p] , (8.50)

any distribution of the form

ry-v.p-—

fO(I) = A exp <— e P MV) (8.51)
kT

also satisfies detailed balance, for any velocity parameter V and fO(I")fO(I)) = fo(I")f°(I7). This

distribution is appropriate for gases which are flowing with average particle velocity V. For point

particles, A = h~9. Note that

8(2)(5_‘/ p)—v—V ) (8.52)
which is the velocity relative to the local flow. To obtain ., define, for point particles,
§V,T) = /ddp exp [ - M] . (8.53)
k,T
Then at fixed number density n and temperature 7" we have
0 _ n € (p)—-V-p
f(p) = cv.T) O { T (8.54)
and (VT
=u—k,T1 ’ .

with y1 = py,_g. For the ballistic dispersion e(p) = p?/2m, we obtain yiy, = p1 — %mVQ.

In addition to time-reversal, parity is also a symmetry of the microscopic mechanical laws. Under the
parity operation P, we have r — —r and p — —p. Note that a pseudovector suchas L = r x p
is unchanged under P. Thus, I'” = (—p, L). Under the combined operation of C = P7T, we have
I' = (p,—L). If the microscopic Hamiltonian is invariant under C, then we must have

w(I', 1| I T) =w(DCI7 | 17, 10°) . (8.56)
For point particles, invariance under 7" and P then means

w(p',py|p,py) = wip,p, |0, PY) . (8.57)

and therefore the collision integral takes the simplified form,

flr,p, d
RICD) [, [ [0t 1.0 {10m5'0) Fr.00.00= £ 000) i)} = ()
coll
(8.58)
The most general statement of detailed balance is
fO(F/)fO(Fll)_w(F/’Fl/‘F’Fl) (859)

) ) w0 [ 17, 17)

Under this condition, the collision term vanishes for f = f°, which is the equilibrium distribution.
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Detailed balance and single particle scattering

For single particle scattering, similar considerations lead to

) wI'|r)

PIO=00 s R = (8.60)

In the first of these equations, the time reversal operation also acts on the external potential off which
the particles scatter. In general, detailed balance pertains when the static equilibrium distribution f°(I")
is such that the integrand of the collision term vanishes for all I', hence (df°(I")/dt) .., = 0.

8.3.6 Kinematics and cross section

We can rewrite eqn. 8.58 in the form

Df(l";atnt) _ /d3p1/d(2 |lv — vy ;l__?) {f(r,p/,t) f(r,p),t) — f(r,p,t) f(r,pl,t)} , (8.61)

where do/df? is the differential scattering cross section. Recall the definition from scattering theory in
classical mechanics,

p # of particles scattered into solid angle df? per unit time
g =

.62
incident flux (8:62)

If we recast the scattering problem in terms of center-of-mass and relative coordinates, we conclude that
the total momentum is conserved by the collision, and furthermore that the energy in the CM frame
is conserved, which means that the magnitude of the relative momentum is conserved. Thus, we may
write p’ — p = |p — p,| 2, where £2 is a unit vector. Then p’ and p/, are determined to be

(P+P1+|P—P1|Q)
(p+p,—|p—pi| )

p =
(8.63)

—_~

1
2
1
P =3

Recall that for the scattering of classical hard spheres of radius q, the differential scattering cross section

is 42 = 2. Thus, the total scattering cross section is oy, = 4ma? = 7d?, where d = 2a is the sphere

diameter. For Coulomb scattering of two point particles of charge ¢ and mass m, one has

do 2m dq2 >2
do _ re , 8.64
df <\p—p1]2 sinz(%ﬂ) ( )

where m_; = m/2 is the reduced mass and 7 - £2 = cos?) where 2 = (p — p;)/|p — p;|. The total cross
section for Coulomb scattering diverges since the differential cross section behaves as ¥~* as 9 — 0.
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8.3.7 H-theorem

To peek ahead, we are about to prove the following. Let

h(r,t) = /d?’pf(r,p,t) log[f(r,p,t)a’]

dr

J(r,t) = /d?’pf(r,p,t) log[f(r,p,t)a’] I

(8.65)

Here a can be any constant which has the appropriate dimensions of action. Then if f(r,p,t) evolves
according to the Boltzmann equation, it is necessarily the case that

Oh(r,t)
ot

YVt <0, (8.66)

where V = 0/0r. If we integrate over all space, and we adopt boundary conditions where 5 — 0 at
spatial infinity,

H(t):/d3rh(r,t) = %<0 . (8.67)

Thus, Boltzmann dynamics recognizes an arrow of time. Time increases in the direction that # decreases.

Let’s consider the Boltzmann equation with two particle collisions. We define the local (i.e. r-dependent)
quantity

(1) = / &p [(r.p.t) o(f(r.p,1)) | (8.68)

where f = f(r,p,t) and ¢(f) is arbitrary. We now compute

op, ofe) Afp) Of
a—f‘/dgp ot _/dgp of ot

a(fe) . of . of [df
/d3 Sof { r-g—p'%—l—<a>cou} (8.69)

_ . O0(fe) . Ofe)  O(fe) (df
_/d3p{_ or P Op * of <dt>coll}

We may integrate the second term in the brackets by parts on p. Assuming f = 0 for infinite values of
the kinematic variables, which is the only physical possibility, we then have

3p . ) 0F ofe) (df
a = { “or ar YOt T <dt>cou}
o _ ofe) (df
_—g/dgpf¢r+/d3pa—f<g>con

Ip,(r,1)
ot

(8.70)

Thus,
+V'j4p(r7t) = U«p(rat) ’ (871)
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where

Jo(r,t) = /dsp flrp,t) o(f(r,p,t)) v(p)

_ 3 3(]"@)‘ <ﬁ>
Uso(r7t) /d af f(r,p,t) dt coll

and 7 = v(p) = 0H,/dp is the velocity.

(8.72)

Thus, we arrive at eqn. 8.71, which is a continuity equation with a source term o,(r, ). The source term
is nonzero only in the presence of collisions. We now evaluate o, under the assumption that f satisfies
the Boltzmann equation with two particle scattering. Thus,

o,(r,t) = /d3p/d3p1/d3p’/d3p’1 {w(p,pl |P',ph) F()f(P)) —w (P, P |p.p1) f(p)f(pl)}x(p)

/d3 /d3 /d3 ’/d3p1w P.pi|p.py) f(p)f(p1) (X(P) — x(P) (8.73)
where (f )
%

X= o5 +faf : (8.74)

and where we have suppressed the r and ¢ dependences. We now invoke the symmetry
w(p/>p/1 ‘p7p1) :w(pllvp/‘pbp) ) (875)

which allows us to write

o= 4 [ [ @, [@0 [ @ w@ st p.2) 1) 700 (B) 4 XBD ~ X(P) = x(p) . (876)

This shows that o, = 0 if x(p) is a collisional invariant, ie. if x(p) + x(p;) = x(P') + x(p}) for every
allowed collision.

Now let us fix ¢(f) = log(fa®) and evaluate the source term o = o, We have

=log(fa%)’
o= —%/dgp/d3p1/d3p’ d*piw(p', P | p.p1) fF(P)f (@) 2(p,py | P, P))logx(p. py | P, D)) , (877)

where z(p,p;,p',p}) = f(p)f(py)/f(P') f(P)|). We next invoke the result
/d3p’/d3p1 w(p'.p} |p.py) = /d3p’/d3p1 w(p,p, | P, p) (8.78)

which is a statement of unitarity of the scattering matrix’. Multiplying both sides by f(p) f(p,), then
integrating over p and p,, and finally changing variables (p, p,) <> (p’, p}), we find

0—/d3 /d3 /d3 ’/d3p1 w(p',p1 | p,p1) (f(p)f(pl)—f(p’)f(pi)>
/d3 /d3p1/d3 ’/d3p1w (PP} \pml)f(p’)f(pi){w(p,pllp’,pi) - 1}

>See Lifshitz and Pitaevskii, Physical Kinetics, §2.

(8.79)
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Multiplying this result by % and adding it to the previous equation for h, we arrive at our final result,
1
0= —§/d3p/d3p1/d3p//d3p,1 w(P’;P’l ‘1%171) fefpy) (zlogz —x+1) (8.80)

where © = z(p,p;p,p}) = f(0)f(py)/f(P)f(P)). It is now easy to prove that the function g(z) =
zlogz — z + 1 is nonnegative for all positive z values®, which therefore entails the important result
Oh(r,t)
ot

+V.-jrt)y=0(r,t) <0 . (8.81)

Boltzmann'’s H function is the space integral of the local density h(r): H = [d% h(r).

Thus, everywhere in space, the source term o(r,t) is nonpositive. In thermodynamic equilibrium the
entropy production vanishes, so ¢ = 0. Equation 8.80 then requires x = 1 for every allowed collision
with nonzero statistical weight. Thus,

@) ) =0 1) (8.82)
or, taking the logarithm,
log f°(p) +log f(p,) = log f°(p') +log f(p}) - (8.83)

But this means that log fV is itself a collisional invariant, and if 1, p, and ¢ are the only collisional invari-
ants, then log f must be expressible in terms of them. Thus, we may write

_ IOg [h?)fO(p)] — 5(p) B ZTP — My ’ (884:)

with p1y,, V, and T constants which parameterize the equilibrium distribution f°(p), corresponding
to the chemical potential, flow velocity, and temperature, respectively, and where i, is related to the
V' = 0 chemical potential ;. according to eqn. 8.55.

8.4 Weakly Inhomogeneous Gas

Consider a gas which is only weakly out of equilibrium. We follow the treatment in Lifshitz and
Pitaevskii, §6. As the gas is only slightly out of equilibrium, we seek a solution to the Boltzmann equa-
tion of the form f = f° + §f, where fY describes a local equilibrium. Recall that such a distribution
function is annihilated by the collision term in the Boltzmann equation but not by the streaming term,
hence a correction Jf must be added in order to obtain a solution. The Boltzmann equation is written

0 p 0 0 0 o df
(Gt om0 =(3), (55

®The function g(z) = z log x —z+ 1 satisfies ¢’'(x) = log z, hence ¢’(z) < 0 on the interval z € [0,1) and ¢'(z) > 0
on z € (1, 00]. Thus, g(x) monotonically decreases from g(0) = 1 to g(1) = 0, and then monotonically increases to
g(00) = 00, never becoming negative.
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The RHS of this equation must be of order Jf because the local equilibrium distribution f° is annihilated
by the collision integral.

To first order about a state at rest, the local equilibrium distribution may be written as

O, 1) :oexp<”_5(m+v'p> : (8.86)
kT
where = p(r,t), T =T(r,t),and V = V(r,t) may all vary in both space and time. Note that
dT afo
O pr— . _— . —_— —_— —_——
df —(d,u—l—p dV +(e—-V-p ,u)T de)( 85)
, (8.87)
(1 ar of

where h = ;i + T's is the enthalpy per particle, and where we drop the term proportional to V' -p dT,
which on the assumption that V' = 0 on average is second order in smallness. We have also invoked
local thermodynamics in the form

_ (on O\ gp= 1
du_<aT>pdT+<ap>po_ sdT +—dp (8.88)

where s is the entropy per particle and n is the number density. Note as well that

of _ f°
S 8.89
de  kgT (8.89)
which we shall invoke further on below.
We wish to evaluate one of the contributions to the LHS of eqn. 8.85:
oY p of° ofY  |e—hoT ov 1
W_‘_E'W_‘_F‘%_ T E—I—mv |:(’U V)V}—I—v- ’I’)’LE—F—VP
8.90)

To simplify this, first note that Newton’s laws applied to an ideal fluid give pV = —Vp + nF, where
p = mn is the mass density. Corrections to this result, e.g. viscosity and nonlinearity in V/, are of higher
order.

Next, continuity for particle number means 7 + V - (nV') = 0. We assume V is zero on average and that
all derivatives are small, hence V- (nV) =V - Vn+nV -V & nV - V. Thus,

Glogn_(?logp_(?logT_
o ot ot

-vV.V (8.91)

where we have invoked the ideal gas law n = p/k,T above.
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Next, we invoke conservation of entropy. If s is the entropy per particle, then ns is the entropy per unit
volume, in which case we have the continuity equation

d(ns)
ot

—I—V-(nsV)zn(%%—V-Vs)+s<g—?—|—v'(nV)>:0 . (8.92)

The second bracketed term on the RHS vanishes because of particle continuity, leaving us with the
combination $ + V - Vs = § = 0 (since V = 0 on average, and any gradient is first order in smallness).
Now thermodynamics says

[ 0Os Os G kg
ds = <8_T>pdT+ <a_p>T dp = T dT ) dp (8.93)

since ¢, = T'(9s/ Z?T)p and (9s/dp), = —(9v/ 8T)p , where v = V/N. Here, ¢, is the heat capacity per
particle at constant pressure’. Thus,

cp OlogT  Ologp
k, Ot ot

0 . (8.94)

We now have in eqns. 8.91 and 8.94 two equations in the two unknowns dlog T'/0t and 0log p/0t,
yielding

OloeT ko oy, Dloep G gy (8.95)
ot cy ot cy
Thus egn. 8.90 becomes
o p 9f° _9f ([ of°\[e—h h—Te,—¢
N T A R VT . )
o + o + op e 7Y VT +mu,vg Qup + e Tk V-V , (8.96)
where ¢ = ¢(I") and
1[0V, 9V
(e Z P ) .97
Qas = 3 ((%cﬁ * (%ca> ®.97)
Therefore, the Boltzmann equation takes the form
osf |[e(I)—h e(I') —h+Te, fO(df
5 +{ T v VT +muo,vg Qs — T V.-V BT\t L (8.98)

Notice we have dropped the terms v - 9 f /Or and F - 0 6f /Op, since §f must already be first order in
smallness, and both the 0/0r operator as well as F' add a second order of smallness, which is negligible.
Typically 0f/0t is nonzero if the applied force F(t) is time-dependent. We use the convention of
summing over repeated indices. Note that 6,5Q,5 = Q.o = V - V. For ideal gases in which only
translational and rotational degrees of freedom are excited, h = cpT.

7In the chapter on thermodynamics, we adopted a slightly different definition of ¢, as the heat capacity per
mole. In this chapter c, is the heat capacity per particle.



18 CHAPTER 8. THE BOLTZMANN EQUATION

8.5 Relaxation Time Approximation

8.5.1 Approximation of collision integral

We now consider a very simple model of the collision integral,

AN A A |
<E>coll__ T T 629

This model is known as the relaxation time approximationg. Here, f° = f%(r, p, t) is a distribution function
which describes a local equilibrium at each position r and time ¢. The quantity 7 is the relaxation time,
which can in principle be momentum-dependent, but which we shall first consider to be constant. In
the absence of streaming terms, we have, for a time-independent f O(p),

o _ 4 3f(r,p,t) = 0f(r,p,0)e”"/" . (8.100)
ot T

The distribution f then relaxes to the equilibrium distribution f° on a time scale 7. We note that this

approximation is obviously flawed in that all quantities — even the collisional invariants — relax to their

equilibrium values on the scale 7. In the Appendix II, we consider a model for the collision integral in

which the collisional invariants are all preserved, but everything else relaxes to local equilibrium at a

single rate.

8.5.2 Computation of the scattering time

Consider two particles with velocities v and v’. The average of their relative speed is

(Jlv—"']) = /dgv/dgv/ Pv)P)|v -2 , (8.101)
where P(v) is the Maxwell velocity distribution,
3/2 2
m mv
P(v) = (27Tk’BT> exp <_2k‘BT> , (8.102)
which follows from the Boltzmann form of the equilibrium distribution f°(p). It is left as an exercise for
the student to verify that
) 4 (kT2
Vo = (v —']) = NG < ; > : (8.103)

Note that 9., = v/2v, where © is the average particle speed. Let o be the total scattering cross section,
which for hard spheres is ¢ = wd?, where d is the hard sphere diameter. Then the rate at which particles
scatter is

1
Z=nbg0 . (8.104)
=

8In the nonconserving version considered here, f° is a prescribed target rather than a Maxwellian matched to
the evolving local conserved moments.
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T

rel

Figure 8.3: Graphic representation of the equation n o v, 7 = 1, which yields the scattering time 7 in
terms of the number density n, average particle pair relative velocity o,e), and two-particle total scatter-
ing cross section 0. The equation says that on average there must be one particle within the tube.

The particle mean free path is then
1

l=vT = 8.105
T \/5 no ( )
While the scattering length is not temperature-dependent within this formalism, the scattering time is
T-dependent, with
1 VT [ m 1/2
T) = = 8.106
() nv.,o 4no <kBT> ( )

at fixed number density. As T — 0, the collision time diverges as 7  T~'/2, because the particles on
average move more slowly at lower temperatures. The mean free path, however, is independent of T,
and is given by ¢ = 1/v/2no.

8.5.3 Thermal conductivity

We consider a system with a temperature gradient V1" and seek a steady state (i.e. time-independent)
solution to the Boltzmann equation. We restrict our attention to monatomic ideal gases with e(p(=
p?/2m and ¢, = 2k,. We further assume F, = Q,s = 0. Appealing to eqn. 8.98, and using the
relaxation time approximation for the collision integral, we have

(e —c,T)

3 (v-VT) O . (8.107)

of = —
We are now ready to compute the energy and particle currents. In order to compute the local density of
any quantity A(r, p), we multiply by the distribution f(r, p) and integrate over momentum:

@Wﬁz/ﬁMWMﬂnnﬂ, (8.108)

For the energy (thermal) current, we let A = v, = ep,/m, in which case p, = j, . Note [d3ppfO=0
since f0 is isotropic in p even when i and T depend on 7. Thus, only Jf enters into the calculation of
the various currents. Thus, the energy (thermal) current is

<v°‘fuﬁ e(e—c,T)) % , (8.109)

nrt

ey T2

o) = [dpevar = -
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where the repeated index  is summed over, and where momentum averages are defined relative to the
equilibrium distribution, i.e.

(¢(p)>=/d3p¢(p)f°(p)/ d’ f°(p) =/d3vP(v)¢(m'v) : (8.110)

In this context, it is useful to invoke the identity d* f°(p) = nd% P(v), where

P) == v e~m(w=V)?/2ksT (8.111)
2rk,T

is the Maxwell velocity distribution.

Note that if ¢ = ¢(¢) is a function of the energy, and if V' = 0, then’
d* f°(p) = nd® P(v) =nP(e)de , (8.112)

where

P(e) = % (k,T)~3/2 /2 g=e/ksT (8.113)

oo
is the Maxwellian distribution expressed in terms of ¢, and is normalized according to [de P(e) = 1.1
0

Averages with respect to this distribution are given by

(6(e)) = / de ¢() P(e) :%(kBT)‘?’/Q / de /2 (e) e—</kuT (8.114)
0 0

For homogeneous ¢(¢) = ¢® we have

(e%) = % T(s+3)(k,T)° (8.115)

with Res > —32 necessary for convergence. Due to spatial isotropy, it is clear that we can replace v v

by 30?6, and then e = $mw? in eqn. 8.109. We then have j. = —x VT, with

2nt 9 SnTk2T 7
K Gre (¢ e T)) = 5= = gnine, ®.116)

where ¢, = 3k and 9* = 8kgT/mm. The quantity r is called the thermal conductivity. Note that x oc T/,

“Here we are being somewhat sloppy with notation and implicitly integrating over direction. Thus d*p =
4mp*dp and similarly d®v = 4rv3dv.

10P(¢) can also be recognized as the normalized product of the Boltzmann energy distribution exp(—e/k,T)
and the density of states g(¢). In d = 3 we have g(¢) o ¢'/2.
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8.5.4 Viscosity

Consider the situation depicted in fig. 8.4. A fluid filling the space between two large flat plates at z = 0
and z = d is set in motion by a force F' = Fx applied to the upper plate; the lower plate is fixed. It
is assumed that the fluid’s velocity locally matches that of the plates. Fluid particles at the top have
an average z-component of their momentum (p,) = mV. As these particles move downward toward
lower z values, they bring their z-momenta with them. Therefore there is a downward (—2z-directed)
flow of (p,). Since z-momentum is constantly being drawn away from z = d plane, this means that
there is a —z-directed viscous drag on the upper plate. The viscous drag force per unit area is given by
Fyoe/A = —nV/d, where V/d = 0V, /0z is the velocity gradient and 7 is the shear viscosity. In steady
state, the applied force balances the drag force, i.e. F'+ F},,, = 0. Clearly in the steady state the spatially
averaged momentum density of the fluid does not change, and is given by 3pVx, where p is the fluid
mass density. The momentum per unit time injected into the fluid by the upper plate at z = d is then
extracted by the lower plate at z = 0. The momentum flux density I1,, = n (p, v, ) is the drag force on the
upper surface per unit area: II, = —1 0V, /0z. The units of viscosity are [] = M /LT.

We now provide some formal definitions of viscosity. As we shall see presently, there is in fact a second
type of viscosity, called second viscosity or bulk viscosity, which is measurable although not by the type
of experiment depicted in fig. 8.4.

The momentum flux tensor II, 5 = n (p, vg ) is defined to be the current of momentum component p,, in
the direction of increasing z 4. For a gas in motion with average velocity V, we have

O,z =nm((V, + U;)(VB + U/B) )
=nmV, Vs +nm (v,vs) (8.117)
:anavﬁ—l—%nm(vQ)&aﬁ :pVaVB +p5aﬁ 5

where v’ is the particle velocity in a frame moving with velocity V, and where we have invoked the
ideal gas law p = nk,T. The mass density is p = nm.

When V is spatially varying,

where 7,5 is the viscosity stress tensor. Any symmetric tensor, such as 7,4, can be decomposed into a
sum of (i) a traceless component, and (ii) a component proportional to the identity matrix. Since &,
should be, to first order, linear in the spatial derivatives of the components of the velocity field V, there
is a unique two-parameter decomposition:

oV,
Gap = n<% +=2 - gv-vaaﬁ> +(V-Viug
Oxy Oz, (8.119)

=27 (Qus — § 7 (Q)das) +C TH(Qbos

where Q ; is defined in eqn. 8.97. The coefficient of the traceless component is 7, known as the shear
viscosity. The coefficient of the component proportional to the identity is ¢, known as the bulk viscosity.
The full stress tensor o, 5 contains a contribution from the pressure:
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Figure 8.4: Gedankenexperiment to measure shear viscosity 7 in a fluid. The lower plate is fixed. The
viscous drag force per unit area on the upper plate is Fy;ag/A = —nV/d. This must be balanced by an
applied force F.

The differential force dF,, that a fluid exerts on a surface element ndA is dF,, = —0,5n5dA, where we
are using the Einstein summation convention and summing over the repeated index 3. We will now
compute the shear viscosity 1 using the Boltzmann equation in the relaxation time approximation.

Appealing again to eqn. 8.98, with F' = 0 and h = ¢, T, we find

of = - o, 04l v gy (8.121)
T kT ath Zap T ks ' ‘

We assume VI' = V - V = 0, and we compute the momentum flux:

2

sz - /dgppl‘vzéf = S Qaﬁ <vazvozv5>
Fe T (8.122)
_ nrt 8Vx + aVZ <m’U2 ) m’U2> — kT 8‘/2 + avx .
 k,T\ 0z Oz * =L PP\ oz 02
Thus, if V, = V,(z), we have
v,
I, = —nrhk,T — (8.123)
from which we read off the viscosity,
n=nk, T = gnme@ . (8.124)

Note that 5(T") oc T/2.

How well do these predictions hold up? In fig. 8.5, we plot data for the thermal conductivity of argon
and the shear viscosity of helium. Both show a clear sublinear behavior as a function of temperature,
but the slope dlog x/dlog T' is approximately 0.65 and dlogn/dlogT is approximately 0.63. Clearly the
simple model is not even getting the functional dependence on 7" right, let alone its coefficient. Still, our
crude theory is at least qualitatively correct.

Why do both x(7") as well as n(7T) decrease at low temperatures? The reason is that the heat current
which flows in response to VT as well as the momentum current which flows in response to 9V, /0z
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Figure 8.5: Left: thermal conductivity (X in figure) of Ar between 7" = 800 K and 7" = 2600 K. The best
fit to a single power law \ = 7" results in b = 0.651. Source: G. S. Springer and E. W. Wingeier, J. Chem
Phys. 59, 2747 (1973). Right: log-log plot of shear viscosity (¢ in figure) of He between 7' ~ 15K and
T ~ 1000 K. The red line has slope 3. The slope of the data is approximately 0.633. Source: J. Kestin and
W. Leidenfrost, Physica 25, 537 (1959).

are due to the presence of collisions, which result in momentum and energy transfer between particles.
This is true even when total energy and momentum are conserved, which they are not in the relaxation
time approximation. Intuitively, we might think that the viscosity should increase as the temperature is
lowered, since common experience tells us that fluids ‘gum up” as they get colder — think of honey as
an extreme example. But of course honey is nothing like an ideal gas, and the physics behind the crys-
tallization or glass transition which occurs in real fluids when they get sufficiently cold is completely
absent from our approach. In our calculation, viscosity results from collisions, and with no collisions
there is no momentum transfer among the gas molecules and hence no local viscosity. If, for example,
the gas particles were to simply pass through each other, as though they were ghosts, all the dissipation
would occur due to processes taking place outside the system. More properly, in the dilute-gas hydro-
dynamic regime, collisions redistribute momentum locally and permit a Navier-Stokes description. As
the collision rate tends to zero, the hydrodynamic description fails and transport becomes ballistic, so
assigning a local viscosity is no longer appropriate'’.

8.5.5 Oscillating external force

Suppose a uniform oscillating external force F . (t) = Fe ™! is applied. For a system of charged
particles, this force would arise from an external electric field F,, = ¢F e~ !, where q is the charge of

To put it another way, momentum transport occurs because moving particles carry momentum between re-
gions of different flow velocity. Collisions establish the local equilibrium needed for a viscosity coefficient to be
defined. At fixed temperature and density, the kinetic result = nk,TT = pr increases with the collision time
while the hydrodynamic approximation remains valid. In the collisionless limit transport becomes ballistic and a
local Navier-Stokes viscosity is no longer an appropriate description.
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each particle. We'll assume V71" = 0. The Boltzmann equation is then written

of ' Of | o un OF _ f—f°
o Tt Fe il (8.125)

We again write f = f° + df, and we assume Jf is spatially constant. Thus,

0
85f_|_F—2wt ,Uai_ éf

o = (8.126)

If we assume &f (t) = Jf (w) e~™* then the above differential equation is converted to an algebraic equa-
tion, with solution

T e—zwt af(]
C1—dwr Oe

of (t) =

We now compute the particle current:

F-v . (8.127)

—iwt

et F
) = [, af = T 22 b 1) v vy
B

1 —diwTr
(8.128)
Te W nF, nt e ™!
= d* P(v)v® =
1—dwr 3k7T/ (v)v m 1—iwr
If the particles are electrons, with charge ¢ = —e, then the electrical current is (—e) times the particle
current. We then obtain
2 —iwt
clec) (4 ET E e B it
]éél (t) = m . 104_ T = O-C“B(w) EB e W s (8.129)
where
ne’r 1

m 1 —iwT
is the frequency-dependent electrical conductivity tensor. Of course for fermions such as electrons,
we should be using the Fermi distribution in place of the Maxwell-Boltzmann distribution for f°(p).
This affects the relation between n and 4 only, and the final result for the conductivity tensor o, 45(w) is
unchanged.

8.5.6 Quick and dirty calculation of transport coefficients

Suppose we have some averaged intensive quantity ¢ which is spatially dependent through 7'(r) or
w(r) or V(r). For simplicity we will write ¢ = ¢(z). We wish to compute the current of ¢ across some
surface whose equation is dz = 0. If the mean free path is /, then the value of ¢ for particles crossing this
surface in the 42 direction is ¢(z — £ cos ), where § is the angle the particle’s velocity makes with respect
to z,1.e. cos = v, /v > 0. For particles moving in the —2 direction, we again have ¢ = ¢(z — £ cos §), but
with cos @ = v, /v < 0. The current of ¢ through this surface is then

s = n%/d?’v Pw)v, ¢(z — Lcosb) = —nﬁ% é/d?’v P(v) ﬁ = ——m)€ ¢ (8.131)
To z 0z v 3 ’ '
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where cos§ = v_/v and © = (8kgT/wm)'/? is the average particle speed. If the z-dependence of ¢ comes
through the dependence of ¢ on the local temperature 7', then we have

. _0¢ _
Jo = —%nﬁva—TVT: —-KVT |, (8.132)
where 96
K = inlv o7 (8.133)

is the transport coefficient. With ¢ = (¢) we have 9¢ /0T = ¢, , where c,, is the heat capacity per particle
at constant volume. We then find j, = —x VT with thermal conductivity x = %n&’) cy. Our Boltzmann
equation calculation (eqn. 8.116) yielded a similar result, but involving c, rather than ¢, and with a
different prefactor.

We can make a similar argument for the viscosity. In this case ¢ = (p,) is spatially varying through its
dependence on the flow velocity V(7). Clearly 0¢/0V, = m, hence
1

. _aV,
Jp, = . = —gnmlv a; ,

(8.134)

from which we identify the viscosity, n = $nm¢v. Once again, this agrees in its functional dependences
with the Boltzmann equation calculation in the relaxation time approximation. Only the coefficients
differ.

8.5.7 Thermal diffusivity, kinematic viscosity, and Prandtl number

Suppose, under conditions of constant pressure, we add heat ¢ per unit volume to an ideal gas. We
know from thermodynamics that its temperature will then increase by an amount AT = ¢/nc,. If a heat

current j, flows, then the continuity equation for energy flow requires'?

T
Using j, = —xVT, and linearizing about a uniform fluid at rest with constant coefficients, we obtain a
diffusion equation for temperature,
T
OF _ K Gop (8.136)
ot ne,

The combination a = r/nc, is known as the thermal diffusivity. Our Boltzmann equation calculation
in the relaxation time approximation yielded the result x = nkyT'rc,/m. Thus, we find a = k;T7/m
via this method. Note that the dimensions of a are the same as for any diffusion constant D, namely
[a] = L?/T.

Another quantity with dimensions of L?/T is the kinematic viscosity, v = 1/p, where p = nm is the mass
density. We found n = nk,T'7 from the relaxation time approximation calculation, hence v = k;T'7/m.
The ratio v/a, called the Prandtl number, Pr = ney /mk, is dimensionless. According to our calculations,

Pr = 1. According to table 8.1, most monatomic gases have Pr ~ 2.

12This equation is a linearization of nc, D,T = V - (xVT), where D, = 8, + V - V by linearizing at constant p
for a normal fluid at rest.



26 CHAPTER 8. THE BOLTZMANN EQUATION

H Gas ‘ n (uPa - s) ‘ £k (MW /m - K) ‘ cp/ kg ‘ Pr H

He 19.5 149 2.50 | 0.682
Ar 22.3 174 2.50 | 0.666
Xe 22.7 5.46 2.50 | 0.659
H, 8.67 179 3.47 | 0.693
N, 17.6 25.5 3.53 | 0.721
O, 20.3 26.0 3.50 | 0.711
CH, 11.2 33.5 4.29 | 0.74
CO, 14.8 18.1 4.47 | 0.71
NH, 10.1 24.6 4.50 | 0.90

Table 8.1: Viscosities, thermal conductivities, and Prandtl numbers for some common gases at 7" = 293 K
and p = 1atm. (Source: Table 1.1 of Smith and Jensen, with data for additional polyatomic gases added.)

8.6 Diffusion and the Lorentz model

8.6.1 Failure of the relaxation time approximation

As notes above, the relaxation time approximation need not conserve any of the collisional invariants.
It is therefore unsuitable for describing hydrodynamic phenomena such as diffusion. To see this, let
f(r,v,t) be the distribution function, here written in terms of (r, v, t) rather than (r, p, t) as before'®. In
the absence of external forces, the Boltzmann equation in the relaxation time approximation is

ot or T

of 0 f= 1 . (8.137)

We can solve this equation by first defining f (r,v,t) = f(r,v,t) — f%(v), and then taking the Laplace
transform in time and the Fourier transform in space,

oo

5f(k:, v,s) = /dt e_St/d?’r e~ kT 5f (v, t) (8.138)

0
resulting in

of (k,v,t =0)
s+iv-k+711

(s+iv-k+71") 6f(k,v,s) = f(k,v,t=0) = &f(k,v,s)= (8.139)

BThe difference is trivial, since p = mwv. Thus f,(r,v,t) = m?f,(r, p,t) when the Jacobian factor is included.
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Taking the inverse transforms,

dk ds - o s
of (r,v,t) = /W/Tm 5f(k,’v,s)ek"et
C
ddk‘ ik ds ESt
~ ] en)e =0 o5 8.140
/(%)d Of (k,v,t =0)e /m R e e ( )
C

dk‘ .
= /(;ZT)d 5f(k?, ’U,t = 0) ezk:-(r—vt) e_t/T - 5f('r - ’Ut, v, 0) e_t/T )

where C is an integration contour from ¢ — ico to ¢ + ico where c is chosen so that C lies to the right of all
singularities of the integrand. Thus, choosing an initial distribution that is localized at » = 0 and v = v,,
we find it evolves according to

5f(r,v,0) = No(r)d(v —v,) = Of(r,v,t) = No(r —wvpt) 6(v —vy) e /7 . (8.141)
This result is profoundly unphysical — it says that particle number is not conserved. Not only that, but

the spatial distribution remains instantaneously localized about » = wvt, whereas we expect that in a
model of random impurity elastic scattering the particle velocity distribution should become isotropic.

8.6.2 Modified Boltzmann equation and its solution

To remedy this unphysical aspect, consider the modified Boltzmann equation,

of of 1 dvo | 1
where P is a projector onto a space of isotropic functions of v: PF = [ % Fv) = % F(vv) for any
function F'(v). Note that PF is a function of the speed v = |v|. Since the equilibrium distribution

fP(v) = f9(v) is the Maxwell distribution, it is isotropic in velocity space, i.e. f'(v) = f°(v), we have
that (P—1) f°(v) = 0, and thus the above modified Boltzmann equation holds for f as well as for §f. Note
that the number density n(r,t) = [d3v f(r,v,t) and number current density j(r,t) = [d®v f(r,v,t)v
satisfy the continuity equation

on(r,t)

ot

since integrating over v annihilates the RHS of eqn. 8.142 for all (r,v). Thus, total particle number is
conserved, which is not the case in the naive relaxation time approximation.

4V jrt)=0 (8.143)

The model in eqn. 8.142 is known as the Lorentz model'*. To solve it, we again begin with the double
Laplace-Fourier transform,

o0

fk,v,s) = /dt e_St/dgr e FT f(r v t) . (8.144)

0

4See the excellent discussion in the book by Krapivsky, Redner, and Ben-Naim, cited in §6.1.
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Applying this transform to eqn. 8.142, we obtain

(s+iv-k+771) f(k,v,s) =7 Pf(k,v,s) + f(k,v,t = 0) (8.145)
We now solve for Pf(k, v, s):
5 1 5 f(k,v,t=0)
k = Pf(k — .14
f( ,'U,S) S+Z’Uk+7__1 f( ’v’S)—I—S—i—iv‘k—i_T—l Y (8 6)
which entails
5 do 71 5 dv  f(k,v,t=0)
Pf(k = — Pf(k — — 8.147
flk,v, ) [/477 S+i’l)-k+7’_1] N ,v,s)+/4ﬂ s+iv-k+771 ( )
Now we have
dv 1 / 1 k
v T~ _1f vkt
= — =—1t 8.148
/477 s+iv-k+771 2/ s+wk:3:—|—7' s+ivke + 11 okt o0 <1—|—7'8> ( )
-1
Thus, )
A 1 vkr \| [db f(kv,t=0)
Pf(k =|1—- — 1 — it .14
1(k,v,5) [ vk:Ttan <1+7's> /47T s+iv-k+771 (8.149)
We now have the solution to Lorentz’s modified Boltzmann equation:
: -1 1 k C[dv f(k,v,t= k,v,t=
fk,v,s) = - — |1 - ——tan™! il & f(‘,'v, OZ f(‘,% 02
s+iv-k+771 vkT 1+7s 4t s+iv-k+771  s+iv-k4+7171
(8.150)
Thus,
-1
Bk ds 1 vkt dv  f(k,v,t=0)
t — R-T = st 1__t -1 /_ D
fr,v,) /(2#)36 /2m’e {3+iv-k+71 vkr o8 <1+7'3> dr s +iv-k+77!
c

+ f(r —vt,v,0)e7/T

(8.151)

Note that the last term f(r — vt,v,0) exp(—t/7) vanishes as t — co. However, we have already seen
that the full expression must satisfy the continuity equation for n(r,t). We will now show that in the
long time limit, when the exponentially decaying transient may be neglected, the remaining result is an
expanding cloud describing isotropic particle diffusion.

Let us again consider an initial distribution which is perfectly localized in both r and v:

f(r,v,t=0)=Nd(r)d(v—vg) (8.152)
For these initial conditions, we find
3 k,v,t= 1 N —

A7 s+iv-k+ 171 s+ivy-k+77! 47?1)(2]
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We are interested in the long time limit of f(r,v,¢), where ¢ > 7. Long times are dominated in the
Laplace transform by s ~ ¢~!. We also assume the distribution in space becomes smooth, as we shall
show, and expand in the regime where s7 < 1 and vkT < 1. We then have

1 _1 vkt 112,22
1—%‘5&11 <1+TS>:ST+§/€’UT 4+ (8.154)
and therefore
5 ! ! 1 Né(v —vy) Né(v —vy)
f(k’v’s):s—i-i'v k+71 s+ivy-k+71 L2 k2 . 2 ' -1
. 0" s+ gugksT+ ... dmug s+ivg-k+T
1 Né(v— N(v—
~ 272 v 2%) - v vO)_l ) (8.155)
s+ gug ks T 4mug s+ivy-k+T

since 7! is dominant over s and iv - k in the denominators of the first two multiplicative factors on the
RHS of the top equation. We then have

5 1 N (v —vy) N (v — )
k ~~ .
f(k,v,5) s+ 10 k?T 4o} s+ivy-k+71

(8.156)

Performing the inverse Laplace and Fourier transforms, and dropping the transient term for ¢t > 7, we
obtain our final result,
v — )

F(r,v,t>> 1) = (dnDt)"3/2 e~r*/ADt . No(

8.157
el (8.157)

where the diffusion constant is D = v2 7. The units are [D] = L?/T. Integrating over velocities, we have

the density

1
3
nw¢>ﬂ:/ﬁm@m¢>ﬂ:N@ﬂm4ﬁgwwt. (8.158)

Note that [d% n(r,t > 7) = N at all times in this limit. In addition to particle number being conserved,
we see that the late time distribution f(r,v,t > 7) is isotropic in both r and v to leading order in the
diffusive scaling limit.

8.7 Linearized Boltzmann Equation

8.7.1 Linearizing the collision integral

We now return to the classical Boltzmann equation and consider a more formal treatment of the collision
term in the linear approximation. We will assume time-reversal and parity symmetry, in which case

<%>mn = / 'y / dy / a; ww',ph |p.py) {F(0) FBh) - F0) F1)} (8.159)
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The collision integral is nonlinear in the distribution f. We linearize by writing

fp)= @)+ p)vip) | (8.160)

where we assume ¢ (p) is small. We then have, to first order in v,

(3) =rwiviow) . .161)
coll

where the action of the linearized collision operator is given by

Lo = [y [at [ ati we' w |pp) £2(00) {06) + wlh) — 6(p) ~ v(p1)}
(8.162)

= [t [a1o - vl 5 P20 {0) + viph) ~ 6(p) ~ vip)}

where we have invoked eqn. 8.61 to write the RHS in terms of the differential scattering cross section.
In deriving the above result, we have made use of the detailed balance relation,

o) o) = @) 201 - (8.163)
We have also suppressed the r dependence in writing f(p), f°(p), and ¢ (p).

From eqn. 8.98, we then have the linearized equation

-~ 0
L—-—|y=Y, 8.164
(E-5)e-¥ 8164
where, for point particles,
1 Jelp)—¢T kg e(p)
Y = kBT{ T v VT +mu,vg Qs — e V-V, . (8.165)
Eqn. 8.164 is an inhomogeneous linear equation, which can be solved by inverting the operator I — %.

8.7.2 Linear algebraic properties of L

Although L is an integral operator, it shares many properties with other linear operators with which
you are familiar, such as matrices and differential operators. We can define an inner product'®,

(1 |9y ) = / & £2(p) U7 (p) () (8.166)

Note that this is not the usual Hilbert space inner product from quantum mechanics, since the factor
f°(p) is included in the metric. This is necessary in order that L be self-adjoint: {1y | Ly ) = ( Laby |15 ) .

I5The requirements of an inner product ( f | g) are conjugate symmetry, linearity in g, conjugate linearity in f,
and positive definiteness.
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We can now define the spectrum of normalized eigenfunctions of L, which we write as ¢,,(p). The eigen-
functions satisfy the eigenvalue equation,

Lo, =-\ 6, |, (8.167)
and may be chosen to be orthonormal, i.e. {¢,, | ,,) = 6,,,, . Of course, in order to obtain the eigenfunc-

tions ¢,, we must have detailed knowledge of the function w(p’, p | p, p;)-

Recall that there are five collisional invariants, which are the particle number, the three components of
the total particle momentum, and the particle energy. To each collisional invariant, there is an associated
eigenfunction ¢,, with eigenvalue \,, = 0. One can check that these normalized eigenfunctions are

_1 _ D _ |2 (<) 3
on(P) = % ) ¢pa(P) = \/W ) ¢.(p) = \/3;1 </<:B—T - 5) : (8.168)

If there are no temperature, chemical potential, or bulk velocity gradients, and there are no external
forces, then Y = 0 and the only changes to the distribution are from collisions. The linearized Boltzmann
equation becomes

o -
5 =L (8.169)

We can therefore write the most general solution in the form'®

W(p,t) =3 Cpoup)e ™, (8.170)

where the prime on the sum reminds us that collisional invariants are to be excluded. All the eigenvalues
A,,, aside from the five zero eigenvalues for the collisional invariants, must be positive. Any negative
eigenvalue would cause ¢ (p, t) to increase without bound, and an initial nonequilibrium distribution
would not relax to the equilibrium f°(p), which we regard as unphysical.

Recall also the particle, energy, and thermal currents,

jz/d3pvf<p>=/d3pf°<p)vw<p>=<v|w>
j5=/d3pv€f(p)Z/dspfo(p)vé?w(p)=<v€!w> (8.171)
jch/d?’p’v(e—u)f(P)Z/d?’pfo(z?)v(e—u)w(z?):(0(6—#)|1/)>

Note jy, = j. — 4.

16We choose the reference Maxwellian to have the same conserved moments as the initial distribution, so that
1 is orthogonal to the five collisional invariants. We also write the spectral decomposition as a discrete sum;
continuous spectral components, when present, are represented by corresponding integrals.
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8.7.3 Steady state solution to the linearized Boltzmann equation

Under steady state conditions, there is no time dependence, and the linearized Boltzmann equation
takes the form Ly =Y. We may expand ¢ in the eigenfunctions ¢,, and write ¢y = > C,, ¢,, . Applying
L and taking the inner product with qﬁj, we have for the nonconserved modes j with )\j > 0,

C. =

j _)\i<¢j|y> , (8.172)
j

Thus, the formal solution to the linearized Boltzmann equation is

Up) ==Y (0, |V ) 6u(p) (8.173)

n n

This solution is applicable provided | Y") is orthogonal to the five collisional invariants.

Thermal conductivity

For the thermal conductivity, we take V1" = 0,T &, and

1 or
=— 8.174
kpT? 0z % 7 ( )
where X, = (¢ —¢,T) v,. Under the conditions of no particle flow (j = 0), we have j, = —x 9,T &. Then
we have or
X =—K—=— . 8.175
(X, 0) = = o (3175)
Viscosity
For the viscosity, we take
m IV,
Y = L. X 8.176
kBT ay n Y ( )
with X, = v, v,. We then
av,
M, = (mvgv, lw) =152 (8.177)
Thus, 5
n oV,
X = —— . 8.178
(%, |9) = L = (5178)

8.7.4 Variational approach

Following the treatment in chapter 1 of Smith and Jensen, define H = — L. We have that H is a positive
semidefinite operator, whose only zero eigenvalues correspond to the collisional invariants. We then
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have the Schwarz inequality,

(WIH|0)- (| H|¢)> (¢ H ) (8.179)

for any two Hilbert space vectors |¢) and |¢). Consider now the above calculation of the thermal
conductivity. We have

. 1 0T
Hy = TRTE o (8.180)
and therefore )
ko, T . 1 (o] X,)]|
b=t (Y| H ) > : (8.181)
(0T /0x)? ksT? (¢|H|¢)
Similarly, for the viscosity, we have
- m OV,
Hy = “WT Oy X, (8.182)
from which we derive )
ks T : m? [(]X,)]
n = V| Hp) > _ (8.183)
@v,jope T 2T (T o)
In order to get a good lower bound, we want ¢ in each case to have a good overlap with X, . One

approach then is to take ¢ = X, ,, which guarantees that the overlap will be finite (and not zero due to
symmetry, for example). We illustrate this method with the viscosity calculation. We have

m? <vxvy ‘ Uy Uy >2

= - (8.184)
kBT (vay | H | Vg Uy >

With i = —L we have
- . do
(o1110) = [db1°w) 6" ) [ d¥, [ a2 57 o~ 1] £2p) {0(p) + (1) (8 (a1} - (B.185)
Here the kinematics of the collision guarantee total energy and momentum conservation, so p’ and p)

are determined as in eqn. 8.63.

We have df? = sinx dx dy, where x is the scattering angle depicted in fig. 8.6 and ¢ is the azimuthal
angle of the scattering. The differential scattering cross section is obtained by elementary mechanics and
is known to be

do 'd(bz/2)‘ (6.156)

an dcosx

where b is the impact parameter. The scattering angle is

x(b,u) =m — 2/d7‘ b , (8.187)
oo/

2 4
rd — p2p2 200
mu
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b
b+ db

Figure 8.6: Scattering in the CM frame. O is the force center and P is the point of periapsis. The impact
parameter is b, and x is the scattering angle. ¢, is the angle through which the relative coordinate moves
between periapsis and infinity.

where m = %m is the reduced mass, and r, is the relative coordinate separation at periapsis, i.e. the

distance of closest approach, which occurs when 7 = 0, i.e.

62

1~.2

5 = U 8.188
3w 2~7‘§+ (Tp) ) ( )

where ¢ = mub is the relative coordinate angular momentum.

We work in center-of-mass coordinates, so the velocities are

v=V+iu v =V + 1 (8.189)
v, =V —3u v =V — i ,
with |u| = |«/| and @ - @’ = cos x. Then if ¢(p) = v,v,, we have
A() = ¢(p) +¥(p1) — o (P) — U(p1) = 3 (ugu, — wiry) (8.190)
We may write
u =u (sin X COS ¢ € + sin y sin ¢ €5 + cos x é3> , (8.191)
where €; = @. With this parameterization, we have
21
/dgo (uauﬁ — u;u/ﬁ) = —msin®y (u2 0ap — 3uau6) . (8.192)
0
Note that we have used here the relation
€1a 615 + €on 626 + €34 636 = 5066 s (8193)

which holds since the LHS is a projector Y7, [&;)(&;].
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It is convenient to define the following integral:

u) = /db b sin®x(b,u) . (8.194)
Since the Jacobian satisfies
(Ov, Ov,)
'd et ———— -~ @V .ou) =1 , (8.195)

we have

3
(v, | H| VU, ) = n? (2 T;T> /d?’V/d?’u e~V /kpT ommu?/4kpT o, . 377rugcuy “R(u) -v,v, . (8.196)
TRy

This yields
<vmvy | H | vmvy> =15 n? <u5 R(u)> , (8.197)

where

(F(u)) = /duu e~ /4y TF(u //duu2 —mu? [AkpT (8.198)
0

It is easy to compute the term in the numerator of eqn. 8.184:

m \? 3, g—mv?/2kpT 2, 2 kBTz
(v0, v, ) =1 <27TkrBT> /d Uy Uy, = n< - > . (8.199)

Putting it all together, we find
- 40 (ksT)
> wmg / (VR (8.200)

The computation for  is a bit more tedious. One has ¢(p) = (¢ — ¢,T) v,, in which case

A = %m[(V ) u, — (Vo) u;} . (8.201)

Ultimately, one obtains the lower bound

3
—15% (ks T) / (v’ R(u)) . (8.202)

™ m3

Thus, independent of the potential, taking the ratio of these individual variational estimates yields a

Prandtl number of
2
pr=2=%_= (8.203)
a mk 3

which is very close to what is observed in dilute monatomic gases (see Tab. 8.1).
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While the variational expressions for 1 and « are complicated functions of the potential, for hard sphere

scattering the calculation is simple, because b = d sin ¢, = d cos(3x), where d is the hard sphere diameter.

Thus, the impact parameter b is independent of the relative speed u, and one finds R(u) = 1d?. Then

128 [k, T\
(v’ R(u)) = 3d*(u’) = ﬁ( - > d? (8.204)
and one finds
5 (mk,T)Y/? 5k, (kT2
> VBT > B (BT :
"= 6 rd? e sr @\ m (8.205)

8.8 The Equations of Hydrodynamics

We now derive the equations governing fluid flow. The equations of mass and momentum balance are

% +V-(pV)=0 (8.206)
5t o =0 (8.207)
where
T3
aVa 8‘/6 2
HaB:pVaVB+p6aﬁ_ n a—xﬁ—F%—gV'V(saﬁ +CVV50¢B . (8208)

Substituting the continuity equation into the momentum balance equation, one arrives at'”

ov
pW—I—p(V-V)V:—Vp+77V2V—|—(C+%77)V(V-V) , (8.209)
which, together with continuity, are known as the Navier-Stokes equations. These equations are supple-
mented by an equation describing the conservation of energy,

%

= Gap 55 + YV (RVT) (8.210)

Os
nT <E +V. Vs)
where s is the entropy per particle and 7,5 is the viscosity stress tensor of eqn. 8.119 (also identified in
eqn. 8.208 above). Note that the LHS of eqn. 8.209 is p DV / Dt, where D /Dt is the convective derivative.
Multiplying by a differential volume, this gives the mass times the acceleration of a differential local
fluid element. The RHS, multiplied by the same differential volume, gives the differential force on
this fluid element in a frame instantaneously moving with constant velocity V. Thus, this is Newton’s
Second Law for the fluid.

7We assume constant n and (.
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If the fluid is incompressible, then V - V' = 0, and with the kinematic viscosity v = 7/p we have the
incompressible Navier-Stokes equations,

Vv 1
aa—t +(V-V)V = - Vp+vVV . (8.211)

Since [7] = M/LT and [p] = M/L3, we have [v] = L?/T. At T = 20°C,

VH,0 = 1072 cm? /sec ) Vair = 0.15cm? /sec , Vglycerine = 0-8 cm?/sec . (8.212)

8.9 Nonequilibrium Quantum Transport

8.9.1 Boltzmann equation for quantum systems

Almost everything we have derived thus far can be applied, mutatis mutandis, to quantum systems.
The main difference is that the distribution f° corresponding to local equilibrium is no longer of the
Maxwell-Boltzmann form, but rather of the Bose-Einstein or Fermi-Dirac form,

-1
for k,t) = {exp <%> T 1} , (8.213)

where the top sign applies to bosons and the bottom sign to fermions'®. Here we shift to the more

common notation for quantum systems in which we write the distribution in terms of the wavevector
k = p/h rather than the momentum p. The quantum distributions satisfy detailed balance with respect
to the quantum collision integral

df %, [ d% [ d%, o / /
<E>wu B /(2#)13/(277)3/(277)13 w {f AAENAEfH) - FAAEF) A+ fl)} (8.214)

where w = w(k,k, |k, K)), f = f(k), f; = f(ky), f' = f(K'), and f{ = f(k}), and where we have
assumed time-reversal and parity symmetry. Detailed balance requires

f fi f N

1+f 1+£f, 1xf 1£f ° (8:215)
where f = f0 is the equilibrium distribution. One can check that
f S = L _ =2 , (8.216)

PGS 1+f

81n this section f denotes the dimensionless occupation per spin state; densities are obtained by integrating it
with d3k/(27)3, with any spin degeneracy included separately.
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which are the Boltzmann factors, which we have already shown to satisfy detailed balance. For the
streaming term, we have

af° = k Ta—fod<€_”>

9e \ BT

afo dp (e —p)dT  de
_ _du 217
=kl 52 { T B2 BT ®.217)

af° (ou e—pu 0T Oe
‘E{&?”*zv&~”‘%dk !

from which we read off

afo afo{a,u €— I OT}
J— __I_—
or

or Oe T Or (8.218)
afo . afO
ok e

Here we have assumed V' = 0 for the unforced flow velocity of the electron fluid. The most important
application is to the theory of electron transport in metals and semiconductors, in which case f° is the
Fermi distribution. In this case, the quantum collision integral also receives a contribution from one-
body scattering in the presence of an external potential U(r), which is given by Fermi’s Golden Rule:'’

<8g(tk)>coll = 2% D KUK (F(K) — f(K) (e (k) — (k)

EeQ

(8.219)

31
= i oy | 0= KO () = 109) o(eth) =)

Q

The wavevectors are now restricted to the first Brillouin zone, and the dispersion (k) is no longer the
ballistic form ¢ = h?k? /2m but rather the dispersion for electrons in a particular energy band of a solid*’.
Note that f = fY satisfies detailed balance with respect to one-body collisions as well?'.

In the presence of a weak electric field E and a magnetic field B,”> we have, within the relaxation time
approximation, f = f0 + §f with

af’ _ of

B - - _
X Oz T

ot he' Ok

0of _ e 9 _ . {e (8.220)

-
- VT]

19In general, for Bloch states, the matrix element (nk’ | U | nk ) is not simply a Fourier component U (k — k') /V,
but also involves the so-called cell functions. Here for simplicity we shall ignore the effect of the cell functions
and approximate the Bloch states as plane waves.

20We neglect interband scattering here, which can be important in practical applications, but which is beyond
the scope of these notes.

ZThe transition rate from |k') to |k) is proportional to the matrix element and to the product /(1 — f). The
reverse process is proportional to f(1— f'). Subtracting these factors, one obtains f'— f, and therefore the nonlinear
terms felicitously cancel in eqn. 8.219.

22The magnetic field B is not necessarily weak, but it is assumed to remain within the semiclassical regime,
where Landau quantization can be neglected.
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where €= —V(¢p—p/e) = E+e~ 'V is minus the gradient of the ‘electrochemical potential’ p—e ! p. In
deriving the above equation, we have worked to lowest order in small quantities. This entails dropping
terms like v - 0 9f /Or (higher order in spatial derivatives) and E - 9 §f /0k (both E and Jf are assumed
small). Typically 7 is energy-dependent, i.e. 7 = T(€(k))

We can use eqn. 8.220 to compute the electrical current j and the thermal current 3, ,

d% d%
jz—2e/wv5f ) jth:2/W(e—u)v5f . (8.221)

Q Q
Here the factor of 2 is from spin degeneracy of the electrons (we neglect Zeeman splitting).

In the presence of a time-independent temperature gradient and electric field, and taking B = 0, the
linearized Boltzmann equation in the relaxation time approximation has the solution

5f = —7(c)v - <es+ %VT) ( %J;(]) : (8.222)

We now consider both the electrical current?

obtains

J as well as the thermal current density j,;,. One readily

. d%
Jj=—2e —(271')3 véf =L11E— Lo VT

" 2 (8.223)
jth:2/ (E_M)UéfELQ:[g—LQQVT
Q

J (27)3

where the transport coefficients L'! etc. are matrices:

= fore () 5
LY =1L = — m / de7(e) (e — p <— > / ds. —— (8.224)

a 1 af°
L2§:m/d57(5)(5—ﬂ)2 <_E> /dSeW )

where dS. is a differential surface element in k-space at fixed energy (k) = ¢, and

dedS.  dedS:

3
&% = 527k = Hwl

(8.225)

If we define the hierarchy of integral expressions

0 & B
TP = / de 7 () (e—:—,u)"( aa]; ) / 5. o (8.226)

21n this section we use j to denote electrical current, rather than particle number current as before.
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(@) (b)  reesssmmonosnnan sy

Figure 8.7: (a) A thermocouple is a junction formed of two dissimilar metals. With no electrical current
passing, an electric field is generated in the presence of a temperature gradient, resulting in a voltage
V =Va—Ve=(Qp— Qg)(T} —T)). (b) A sketch of a Peltier effect refrigerator. An electrical current I is
passed through a junction between two dissimilar metals. If the dotted line represents the boundary of
a thermally well-insulated body, then the body cools when Mg > My, in order to maintain a heat current
balance at the junction, according to I,;, = (Mg — M.

then we may write

1
LY =egg? ., Ly =TL =—eg . LY = - b (8.227)

The linear relations in eqn. (8.223) may be recast in the following form:

E=pj+QVT

) ) (8.228)
Jiw=MN3—sVIT |
where the matrices p, @), M, and « are given by
p=Ly . Q=L Ly , M=LyLy , &=Ly—LyLy Ly , (8.229)
or, in terms of the 7,,,
1 —1 1 —1 1 —1 1 —1
ngjo ’ Q:_G_TJO ‘71 ) I_]:_Ejlj(] ) K/:T(j2_u71jo jl) s (8230)

These equations describe a wealth of transport phenomena:

e Electrical resistance (VT = B = 0)
An electrical current j will generate an electric field £ = pj, where p is the electrical resistivity.

e Peltier effect (VT = B = 0)
An electrical current j will generate a heat current j,;, = M7, where I is the Peltier coefficient.

e Thermal conduction (j = B = 0)
A temperature gradient VT gives rise to a heat current j,;, = —x VT, where & is the thermal
conductivity.
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e Seebeck effect (j = B = 0)
A temperature gradient VT gives rise to an electric field £ = QVT, where () is the Seebeck coeffi-
cient.

One practical way to measure the thermopower is to form a junction between two dissimilar metals, A
and B. The junction is held at temperature 77 and the other ends of the metals are held at temperature
Tp. One then measures a voltage difference between the free ends of the metals — this is known as the
Seebeck effect. Integrating the electric field from the free end of A to the free end of B gives®*

B

Vie Vo= [£dl=(Qy - Qu)(T - To) . (8.231)
A

What one measures here is really the difference in thermopowers of the two metals. For an absolute
measurement of (4, replace B by a superconductor (Q = 0 for a superconductor). A device which
converts a temperature gradient into an emf is known as a thermocouple.

The Peltier effect has practical applications in refrigeration technology. Suppose an electrical current I
is passed through a junction between two dissimilar metals, A and B. Due to the difference in Peltier
coefficients, there will be a net heat current into the junction of W = (Ma — Mg) I. Note that this is
proportional to I, rather than the familiar I? result from Joule heating. The sign of W depends on the
direction of the current. If a second junction is added, to make an ABA configuration, then heat absorbed
at the first junction will be liberated at the second. *°

8.9.2 The heat equation

We begin with the continuity equations for charge density p and energy density e:

ap . Oe . .
el .q = = i =q3.E 232
where E is the electric field”°. Now we invoke local thermodynamic equilibrium and write
Oe Oe\ On Oe\ OT ou on oT
(&Y () ), () L Sl 2
ot (em)T ot " <8T>n ot {“ <8T>n } o TV o (8.233)
where 7 is the electron number density, p = —en is the charge density, ¢ is the energy density, and ¢, is

the specific heat per unit volume at fixed density. We may now write

or  0Oe on T<8,u> on

Vor “at Mo \ar) o 5234
. . _ 0 . '
=j-E=V j,+e 1T<8_;> v
Ty
1f the thermopowers are temperature-dependent, then Vi — Vg = [dT [QA(T) — Q(T)].

TO
BTo create a refrigerator, stick the cold junction inside a thermally insulated box and the hot junction outside
the box.
%Note that it is E - j and not £- j which is the source term in the energy continuity equation.
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If the local density is time independent, charge continuity gives V - j = 0 and we have

or . .
Finally, invoking j,, = Mj — xV T, we see that if there is no electrical current (j = 0), we obtain the heat
equation
oT 0 oT

Assuming isotropy, this results in a time scale 7, = CL?c,/x for temperature diffusion, where L is a
typical length scale and C is a numerical constant. For a cube of size L subjected to a sudden external
temperature change, L is the side length and C = 1/372 (solve by separation of variables).””

8.9.3 Calculation of Transport Coefficients

We will henceforth assume that sufficient crystalline symmetry exists (e.g. cubic symmetry) to render
all the transport coefficients multiples of the identity matrix. Under such conditions, we may write
B — T 605 With

) LG o Jas.1l (8.237)
W= 1537 | deTe) (e —n e clv] . .
The low-temperature behavior is extracted using the Sommerfeld expansion,
— ! afo m 2 g/
I= [deH(e) o 7D csc(nD) H (e) = H(p)+ F(kBT) H'(p)+... (8.238)
E=N

—00
where D = k,T % is a dimensionless differential operator?®.

Let us now perform some explicit calculations in the case of a parabolic band with an energy-independent
scattering time 7. In this case, one readily finds

T, = % 5§3/2 7D csc D /2 (e—p)" ey (8.239)
where o, = ne?r/m*. Note that
1 /2m*ep 2
and that e, and p are related by
e%/ > = mDescrDe%? (8.241)
e=p

2We assume constant isotropic coefficients, an initially uniform temperature, and all six faces held at the same
new temperature after the change. The quoted time is the decay time of the slowest thermal mode.

28Remember that physically the fixed quantities are temperature and total carrier number density (or charge
density, in the case of electron and hole bands), and not temperature and chemical potential. An equation of state
relating n, p1, and T is then inverted to obtain y(n, T'), so that all results ultimately may be expressed in terms of n
and T
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Thus,

Jo=2 g =2T —(ksT)? +... (8.242)

e2

k2T (8.243)
m

and of course M = T'Q. The predicted universal ratio

K

2

BT (ky/e)? = 2.45 x 108 V2K™2 | (8.244)
T3

g

is known as the Wiedemann-Franz law. Note also that our result for the thermopower is unambiguously
negative. In actuality, several nearly free electron metals have positive low-temperature thermopowers
(Cs and Li, for example). What went wrong? The constant 7, parabolic-band approximation is too
restrictive. Realistic band structure and energy-dependence of scattering time can alter or reverse the
thermopower, while phonon drag can supply an additional contribution.

8.9.4 Onsager Relations

Transport phenomena are described in general by a set of linear relations,
Ji =Ly Fy, (8.245)

where the {F};} are generalized forces and the {J;} are generalized currents. Moreover, to each force F;
corresponds a unique conjugate current J;, such that the rate of internal entropy production is

S = Z F, J;, . (8.246)

The Onsager relations (also known as Onsager reciprocity) state that
Lix(B) = nink Lii(=B) (8.247)
where 7; describes the parity of J; under time reversal:
JE=miJi (8.248)

where J! is the time reverse of J;. To justify the Onsager relations requires a microscopic description of
our nonequilibrium system.

The Onsager relations have some remarkable consequences. For example, they require, for B = 0,
that the thermal conductivity tensor «;; of any crystal must be symmetric, independent of the crystal
structure. In general, this result does not follow from considerations of crystalline symmetry. It also
requires that for every ‘off-diagonal” transport phenomenon, e.g. the Seebeck effect, there exists a distinct
corresponding phenomenon, e.g. the Peltier effect.
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For the transport coefficients studied, Onsager reciprocity means that in the presence of an external
magnetic field,

Paﬁ(B) = Pga(_B) ) “aﬁ(B) = K‘ﬁa(_B) ) I_laﬁ(B) = TQﬁa(_B) - (8249

Let’s consider an isotropic system in a weak magnetic field, and expand the transport coefficients to first
order in B:

Pop(B) = pd,5+veqs, BY
Ko3(B) =K, 53+ weyg, BY
g 8 & (8.250)
Qaﬁ(B) = Qéaﬁ + Ceaﬁ*yB
M,5(B) =M0,5+0¢€5,B"
Onsager reciprocity requires M = 7@ and 6 = T'(. We can now write
E=pg+vyxB+QVT+(VTXxB
pJ+vy Q ¢ (8.251)

Jin=MNJ+03xB—-xVIT-wVITxB

There are several new phenomena lurking;:

¢ Hall effect (8T = 8y = jy =0)
An electrical current j = j, « and a field B = B, 2 yield an electric field £ The Hall coefficient is
Ry =¢&y/jz B: = —v.
(g_g = jy = jth,y =0)
An electrical current j = j, « and a field B = B, 2 yield a temperature gradient %—5. The Etting-

¢ Ettingshausen effect

shausen coefficient is P = %—T / Jjz B, = —0/k.

¢ Nernst effect (j» = jy = BZ = O)

A temperature gradlent VT = %Lz and a field B = B. 2 yield an electric field £ The Nernst
coefficient is A = Sy 9B, = —C .

¢ Righi-Leduc effect (j. = j, = jy, y =0)

A temperature gradient VI = 2L z and a f1e1d B = B, 2z yield an orthogonal temperature gradi-
ent 65' The Righi-Leduc coeff1c1ent isL = ay L/ 9B, = w/k.

8.10 Appendix I: The BBGKY Hierarchy and the Boltzmann Equation

The procedure by which the Boltzmann equation for a gas is obtained from N-particle Hamiltonian
dynamics of its constituent particles is known as the Boltzmann-Grad limit. An excellent source, which we
follow here, is Kardar (Particles), §3.3. The formal derivation of the Boltzmann equation from reversible
hard sphere dynamics in the low-density limit is generally credited to R. Lanford, “Time Evolution of
Large Classical Systems” in Dynamical Systems, Theory and Applications (Springer Lecture Notes in
Physics, 1975).
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8.10.1 BBGKY hierarchy

We start with the time-dependent distribution function, o (2, ..., 2y, Py, - - -, Py, t), on N-particle phase
space, which is assumed normalized according to

N
/Hd'“j on(®y, ..., 2y, Py, E) =1, (8.252)
j=1

where in this section we write du; = d% ; d% ; without the h~? factor introduced in §8.2. We also assume
d = 3. We define the s-particle distribution function,

NI N ; _ NI 5
fs({a:i}, {pi},t) = m /Zzlgrl 1 QN({&I]-}> {Pj},t) = m Os ({mz}v {Pi},t) . (8.253)
We adopt the notation that {z,} = {z,,...,z,} when it appears as an argument of a function f; or o5,

and similarly for {p;}. The dynamics of ¢, are given by Liouville’s equation, 9, oy + {0y, Hy} = 0,
where

N N
Hy({z;}{p;}) = +> u(z - ;) (8.254)
= i<j
where v(x) is an external potential. We may write, for any £ € {1,..., N},
where
k p2
— J
Hk = Z % + 1) + Z ZE - ZB
j=1 0<i<j
_ N[ p? N
k=2 |5 + ) u(x; — ;) (8.256)
Jj=k+1 k<i<j
kN
Hj, = Z u(z; — x;)
i=1 j=k+1

We further assume that u(z; — ;) = u(|z; — x;) is a central potential. The dynamics of g, are then

ags /Hd OQN_ /HdM]{QN,H +H + H) (8.257)

=s+1
We now evaluate each of the three contributions to the Poisson bracket.

The first contribution is easy:

[0@3} /H du; {on, H} = —{os Hy} - (8.258)

=s+1
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The second contribution is

[GQS} /H dyi; Loy H,}

=s+1
[00y 0H, 0oy OH,
Hd“ﬁ op, oz, oz, O
Zer1 k=st1 L9Pk k ko 9P (8.259)

independent of p,

N N r N
a@N av(azk) 8u(:1:k — acé) aQN Py,
:/Hdujz W<8a: +Z ox ox, m =0

j=s+1 k=s+1 L Tk k ez:l k k

Here we integrate by parts on both terms inside the square brackets. The term in rounded brackets is
independent of p,, while p, /m is independent of x, . Thus, the second contribution vanishes.

The third contribution is

ags Al /
]~ {1 0

Jj=s+1

) x,)  Opy Ou(x, —x,)
/mzzw e G )

=s+1 k=1/l=s+1

Ou(x s
N—s /d,us+1 Z k@ack 1 8pk</HdWQN>

l=5+2

Thus, we arrive at

893 > au(wk_ws-l—l) ags-‘,—l
o T {ps Hi} = (N =) / dptgiy 2 v o (8.261)
or
ou(zy, —xyy) Of
at s) d:us-i-l aa:k ’ apk (8262)

This is the BBGKY hierarchy.

8.10.2 Boltzmann equation

At each level of the hierarchy, we may identify three types of terms, each of which is associated with its
own time scale. The size of each type is roughly inversely proportional to its characteristic time scale’’
The first type of term arises from the noninteracting terms in H,, i.e. the one-body terms, which do
not involve the interaction potential u(z; — ;). The time scale associated with these terms behaves as

29See Kardar §3.3 for a more detailed discussion.



8.10. APPENDIX I: THE BBGKY HIERARCHY AND THE BOLTZMANN EQUATION 47

7, ~ L/V,where V is a characteristic velocity and L the linear system size. This extrinsic scale becomes
arbitrarily large as L — oo. The second type of term are those on the LHS of the equation for g,.
Assuming u(x) is short-ranged, such as a van der Waals or Lennard-Jones potential, the typical distance
scale is d ~ 1 A, which entails a collision time 7, ~ 107!2 5. Finally, the third type at each level are terms
on the RHS which are proportional to the interaction potential u. Because the distribution function
fs41 enters, these terms require an additional particle be present, and the time constant is longer than
7. by a factor 1/nd® ~ 10%. During a short binary encounter, the probability of an additional particle
participating is small in the dilute limit. We are then licensed to neglect the f; term when resolving
the two-particle collision, while retaining the accumulated effect of successive binary collisions in the
one-particle kinetic equation.

At level s = 2, the equation for f, is

{8 pp 0 pp 9 Oul@y—=x) 9 Oulxy—m) 0

o' m oz, m B B v t)=0 . (82
8t+m 8m1+m ox, oz, op, oz, apz}fz(-’”bmz,pppm) 0 (8.263)

Because the incoming distribution varies slowly compared with the collision time 7., we approximate
the two-particle encounter by a stationary scattering problem with all macroscopic parameters held
fixed. In the presence of slowly time-varying parameters such as the temperature 7'(r,t) or chemical
potential p(7,t), or in the presence of a time-dependent external force F'(r,t), the distribution f, will
evolve, but on a longer time scale associated with these respective variations. Therefore we can fix the
time ¢ and freeze these slow changes and ask about the steady state distribution f5*(z,, x,, Py, Ps,1).
In discussing the ‘instantaneous steady state’ — a seemingly nonsensical collocation which however has
meaning given the aforementioned separation of time scales — we suppress for the moment the ¢ label
and we define ¢(X, x, p;, p,) = fo(xy, T, Py, Py), Where X = %(ml + x,) is the center-of-mass coordi-
nate and & = x, — x, is the relative coordinate. We then have

pitpy) O (Pa—Pi\ O (o 2 -
{< om > 6X+< m > 5 T Vul@) <8p1 5p; ) [ PX =PI =0 . (8264

We recognize this as a linear partial differential equation in the 12 variables {x,, x5, p;, p,}, which, in
principle, may be solved by the method of characteristics. This entails introducing a scalar variable 7
and solving the coupled ODEs

d_X:P1+P2 d_m:pg—pl dp,
dr 2m Todr m odr

—= = —Vu(z) . (8.265)
This defines a path in the 12-dimensional space. Along such a path,

dp(X (1), x(7),p1(7),pa(1))  9¢p dX 9¢ dx O9¢ dp, 0 dp,
- _aX.WJFa_w.EjLa_m.WjLa_w.W_o . (8.266)

The N = 12 variable PDE of eqn. 8.264 thus has been converted into a system of N + 1 = 13 coupled
ODE:s of eqns. 8.265 and 8.266. We see that 7 functions as a time variable, and the coupled ODEs of eqn.
8.265 are simply Hamilton’s equations of motion. Note that P = p, + p, satisfies dP/dt = 0 and we
have the familiar CM motion X (7) = X (0) + P7/M, with M = 2m the total mass. Initial conditions
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for the N variables w = {wy,...,wy} at 7 = 0 are specified by fixing a hypersurface parameterized by
N — 1 variables ¢ = {¢;,...,(y_;}, where®
wj(TZO) :hj(<1a~~a<N—l) ) ¢(T:O) :F(C17---7CN—1) ) (8.267)

and where the {h;(¢)} define the hypersurface. A simple way to think of this is to define the hyper-
surface by the relation wy = 0, and take w;(7 = 0) = (; for j € {1,...,N — 1}, ie. h;(¢) = ¢;. Each
characteristic is labeled by an (N — 1)-tuple ¢, and the solution along a characteristic is ¢p(w) = ¢(7;¢).

Now we turn to level s = 1 of the hierarchy, where we have

af p, Of of / ou(xy — xq) Ofy  0fy
U 0 U R et o’ Bl VAN B R 2
ot * m 0z, Vol@y) op, iz Ox, op, Opy (8.268)
We now invoke the relation
9fy  0fy p1tp\ 9Ofy Py — P\ 9fy
_ B A R L 2J2 L 2J2 2
V(@) <8p1 opy 2m 0X * m oz (8.269)
leading us to
of . ' p 9f of _/ 3 / 3 (Pa—P1\ Ofs(xy, ) +@,py,py,t)
5t + m o, Vou(x;) P, = [d°y [ dx - o , (8.270)

where we have restored the time label ¢. In arriving at this last equation, note that we have dropped
terms proportional to df,/0X. This is justified by the presumption that the center-of-mass dynamics
are relatively slow. Note also that on the RHS we are expressing the spatial coordinates in terms of x,
and x, hence we have substituted ¢, = x; + « in the second vector argument of f, .

Consider the integral on the RHS of eqn. 8.270 over the relative coordinate x. Following Kardar, at fixed
x,, p;, and p, , we choose a coordinate system for x where one axis is parallel to n = (p, —p,)/|p, — P;|
and write

T =z n+b (8.271)

where 1 - b = 0. The vector b is known as the impact parameter vector. We then have

d_f _ 3 2; |P1— P2
<dt>coll_/dp2/d b‘ m

f;:(wlabaphp%t) Ef2($1,$1+$|:‘t’fl—|—b,p1,p2,t) ) (8273)

and where wﬁt is the value of nn - * = n - (x, — ;) after (+) or before (—) the collision. We assume the

{f;_($1ab7plﬂp27t) - f2_($17b7p17p27t)} ) (8272)

where

potential u(x) is sufficiently short-ranged that xﬁE may be evaluated a short distance from the collision

center = 0. In a scattering process, the momenta p; and p, prior to the scattering event evolve into p
and p), afterward. The relation between the incoming and outgoing momenta is given by eqn. 8.63, i.e.

L(py + Py + |1 — po| 2)
s(P1+p2— P —po| 2)

p
p

(A
- (8.274)
2 pr—

The initial hypersurface must be noncharacteristic, so the characteristics cross it transversely.
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where 2 = £2(b) is a unit vector which is determined by the impact parameter vector b. Assuming the
system is time-reversal invariant, we may relate f,” and f, by

f;_($lab7p17p27t) = fQ_(w17b7p/17pl27t) . (8275)

This suggests that we could write the collision integral in either of two ways:

df do - _
<@>con,_ _ /d3p2 /dQ 9 oy — g { Fy (@1.b.0h.2 1) — Fi (21691221}

(8.276)
<Z_{>coll,+ B /d3p2 /dQ 5_?2 vy — vy {f;(ml,b,pl,p2,t) - f;(ml’b’pi’pé’t)}
Here we have also written P2 — do i0 (8.277)
= d_Q s )

where df? is the differential solid angle of the scattering process. The expression do/df2, which should
be familiar from both classical mechanics and quantum mechanics, is the differential scattering cross-
section. We assume there is a unique relationship between the scattering direction £2(b) and the impact
parameter vector b, which is to say that the b plane can be mapped to the unit sphere £2(b) in a one-
to-one fashion. For a short-range potential, appreciable deflections arise only from impact parameters
comparable to the interaction range r.. Trajectories with much larger impact parameter |b| > r, are
essentially undeflected. At long last, we make the assumption,

f~2:t(wl7b7plap27t) ~ fi(xy,p1,t) X f1(xe, P, t) . (8.278)

This is known as the Stosszahlansatz or the hypothesis of molecular chaos, and amounts to assuming that
the velocities of colliding particles are uncorrelated. But are they uncorrelated before (—) or after (+) the
collision? The answer makes a huge difference! It determines which of the candidate collision integrals
in eqn. 8.276 is correct.

Our Boltzmann equation for the one-body distribution f(r,p,t) is now given by

(@)= =045

—t [, [@' [, wlp.py | #o00) {£p.0f(0,01.0) — F0,8 00,50, 0) )

where we have used eqn. 8.36 in the last line. According to the results of §8.3.7, we see that choosing
f5 in eqn. 8.278 results in a generically positive source for Boltzmann’s H density, h, which is to say
0,h + V-3 >0, so for this choice we have an “anti H-theorem”. Thermodynamically, this means that
entropy of an isolated system decreases (since S = —k,H), which is the exact opposite of what the second
law of thermodynamics requires. Thus, the correct choice is to take f, in eqn. 8.278, in which case our
Boltzmann equation takes the final form®!

of ' p Of Ov of _

Gl LS [ [ [ w00 {Fp 008100011 1)
(8.280)

bP—D
m

{f(,a’p, O f(r,p.t) — f(r, 0 0) f(r, D, t)} (8.279)

31Note also that if we were to impose the Stosszahlansatz on each term inside the curly brackets on the RHS of
eqn. 8.272, the collision integral would vanish!
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Why is it necessary to invoke the Stosszahlansatz for particles which are just about to collide, but not
for particles which have just collided? This is a deep question, and the essence of Loschmidt’s objec-
tion to the Boltzmann equation and the #-theorem it entails (also called Loschmidt’s paradox) — how can
irreversibility result from microscopic dynamics which are invariant under time-reversal? As Lanford
(1975) stresses, “the BBGKY hierarchy is time-reversal invariant but the Boltzmann equation is not.”
The answer appears to be quite subtle and still somewhat contentious. Bodineau et al.*” claim that the
BBGKY dynamics for dilute hard spheres in d dimensions® converges to the solution of the Boltzmann
equation, i.e. one must specify pre-collisional data.**

8.11 Appendix II: Boltzmann Equation and Collisional Invariants

Problem : The linearized Boltzmann operator L) is a complicated functional. Suppose we replace L by
L, where

3/2 2
_ m 3 _ mu
Lip = vw(v7t)+’y<2ﬂkBT> /duexp< 2/<;BT>
m 2 (mu® 3 mv? 3
8 {1 RT3 <2kBT - 5) <2kBT - 5)}““’”

Show that £ shares all the important properties of L. What is the meaning of v? Expand ¢(v,t) in
spherical harmonics and Sonine polynomials,

V1) =D aren() S), 1 (@) ¥y (), (8.282)

rém

(8.281)

with x = mv?/2k,T, and thus express the action of the linearized Boltzmann operator algebraically on
the expansion coefficients a,¢, (t).

The Sonine polynomials S} (z) are a complete, orthogonal set which are convenient to use in the calcu-
lation of transport coefficients. They are defined as

MNa+n+1)(—x)™

olx) = 2
Sa(@) mz::(]I‘(oz—l-m—l—l)(n—m)!m! ! (8:283)
and satisfy the generalized orthogonality relation
r T 1
/ dre™® o S™(x) S” (z) = % S (8.284)
0

32Gee T. Bodineau, 1. Gallagher, L. Saint-Raymond, and S. Simonella, “One-sided convergence in the Boltzmann-
Grad limit,” Annales de la Faculté des Sciences de Toulouse, vol. XXVII, no. 5, p. 985 (2018).

3The Boltzmann-Grad limit is defined by N hard spheres each of diameter § in a box of volume V, with
né?~1¢ ~ 1, where n = N/V — oc is the number density of spheres and / is the finite mean free path. Thus
§ ~n~ =1 0,

3For suitable initially chaotic ensembles, Lanford’s theorem yields forward Boltzmann evolution on a short
kinetic-time interval. The time asymmetry is encoded in the assumptions on the initial correlations, particularly
on configurations leading to collisions, and reversing the microscopic state does not preserve those assumptions.
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Solution : The ‘important properties” of L are that it annihilates the five collisional invariants, i.e. 1, v,
and v?, and that all other eigenvalues are negative. That this is true for £ can be verified by an explicit
calculation.

Plugging the conveniently parameterized form of ¢(v, t) into £, we have

_ . 02 A il 1/2 g~
Ly =—=7> trm(t) Se+%(x)$/ Yim(®) + 5575 ;arm(t)/dl"ﬂfl e
reém 0

2
rtm T (8.285)
. 1/2 . . - 0/2 .
X /dn1 [1 + 2331/25”1/ iy + 3 (2= 5) (2 — %)} S£+%($1) 331/ Yym(P1)
where we’ve used
2k.T k. T _
u —== 3:}/2 , du = | =—x] 1/2 dx, . (8.286)
m 2m

Now recall Y 4(72) = \/% and

Y)(n) = —\/% sin @ ' Y)o(n) = \/% cos 6 Y] _1(R) = +4/ 8% sin f e~ (8.287)

59/2(513) =1 530,/2(513) =1 511/2(!13) =3-z ,
which allows us to write

1 = 4 Yy 0(R) Yo (1) -
8.288

A A 4 ~ * /A ~ % /A ~ * ~
neny = {Yl,o(") Yi'o(n1) + Y1 (R) Y7 (Ra) + Y, 1 (n) Y7 ()

We can do the integrals by appealing to the orthogonality relations for the spherical harmonics and
Sonine polynomials:

/dﬁ’ }/Z,m(ﬁ) Yzf,m’ (ﬁ’) = 5&(’ 5m,m’

o (8.289)
2 o om o I'mM+a+1
/d:ne xS (x) SY (z) = W n,n’

0
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Integrating first over the direction vector 7,

rém
2y T —z ; TN
2L S ran(t) [} e [ oo Vi) 8(0) 550
t o (8.290)
322007 3T Y () Vi (1) 55)5(2) S5 5(1)
m/=—1
+2Y, o(R) Yoo (A1) St (z) SLo(z) | ST 1 (2)) 22 Y, (A1)
3 Y0,0 0,071) 21/2 L2\ | 2y 1) F1 Sem IO
we obtain the intermediate result
Ly = —’y; artm (1) Sy, 1 () 2 Yy (R)
2y 1/2 _g . 0 0
+ ﬁ Zarem(t) dyzy"" e "1 Y 0(7) 01,0 Om,0 51/2(33) 51/2(331)
rém o (8.291)
+ 3002017 3T Y, () 811 B S5 () 55 (1)
m/=—1
. r /2
+%Y0,0(n) 01,0 Om,0 511/2(95) 511/2(951) SH%(%)%/ :
Appealing now to the orthogonality of the Sonine polynomials, and recalling that
rg)=vr ry=1 L(z+1)=2I(2) , (8.292)

we integrate over z,. For the first term inside brackets, we invoke the orthogonality relation with n = 0
and oo = %, giving P(%) = %ﬁ For the second bracketed term, we have n = 0 but o = %, and we obtain
I'(5) = 2T(2), while the third bracketed term leads ton = 1 and « = 1, also yielding I'(3) = 3T'(3).
Thus, we obtain the simple and pleasing result

/
Ly = —v; arem () Sy, 1 (2) 2 Y () (8.293)
where the prime on the sum indicates that the set
Cl = {(0,0,0) , (1,0,0) , (0,1,1) , (0,1,0) , (0,1, —1)} (8.294)

are to be excluded from the sum. But these are just the functions which correspond to the five collisional
invariants! Thus, we learn that

wrﬁm(’v) - Nrfm ST

L1 (@) a2, (R), (8.295)

1
2
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is an eigenfunction of £ with eigenvalue —v if (r, ¢, m) does not correspond to one of the five collisional
invariants. In the latter case, the eigenvalue is zero. Thus, the algebraic action of £ on the coefficients
QAypm, is

(La)rim = — appy, if (1,4, m) ¢ CI (8.296)
o =0 if (r,¢,m) € CI '

The quantity 7 = v~ ! is the relaxation time.

It is pretty obvious that £ is self-adjoint, since

(6 L) = (Lo ) = /d% 10(v) 6 (v) Ll (v)]

m /2 mv?\ |,
- (m T) /dvexp< u T>¢<v>¢<v>
\ u? muv2
cm(giig) [ fwen (557 ) o (- 577)
m 2 (mu? 3 mv? 3 N
1+kBT“'”+§<2kBT_§> <2kBT_§>]¢(”W(“) ’

where n is the bulk number density and f°(v) is the Maxwellian velocity distribution.

(8.297)
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